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Preface

Second-order quantifier elimination (SOQE) is the problem of computing from a
given logic formula involving quantifiers upon second-order objects such as predicates an equivalent first-order formula, or, in other words, an equivalent formula
in which these quantified second-order objects do no longer occur. The problem
can be studied for various logics, including classical propositional and first-order
logic as well as modal and description logics. In slight variations SOQE is also
known as forgetting, projection, predicate elimination and uniform interpolation.
SOQE bears strong relationships to Craig interpolation, definability and computation of definientia, the notion of conservative theory extension, abduction
and notions of weakest sufficient and strongest necessary condition, to correspondence theory relationships, as well as to generalizations of Boolean unification
to predicate logic.
Various important research subjects of current interest are based on SOQE
and these related notions, as is reflected in the topics addressed in workshop
program: In the area of knowledge representation they include forgetting, uniform interpolation and abduction in description logics, modularization, reuse,
versioning and summarization of ontologies, forgetting in variants of logic programming that are relevant for ontology reasoning, and query reformulation on
the basis of interpolation. The unified correspondence research program, which
recently emerged from the study of algorithmic correspondence and canonicity,
now by itself reaches into further areas such as proof theory. SOQE has applications in the verification of distributed systems. The investigation of SOQE with
respect to specific fragments of first-order logic is – much less researched than
decidability – an area with open challenges, where, however, ways of progress
can be indicated. For Boolean unification on the basis of predicate logic, like
SOQE an operation with formulas as output, various relationships to SOQE can
be shown. In the Algebra of Logic program of the 19th century SOQE was identified as an important operation, which makes the study of historical aspects
and the passage of SOQE to modern logic particularly interesting. Special forms
of SOQE are essential components of state-of-the-art SAT-solvers. SOQE provides an exemplary framework for studying the dichotomy of expressivity versus
complexity.
The first Workshop on Second-order Quantifier Elimination and Related Topics (SOQE 2017) was held in the International Center for Computational Logic
(ICCL) at Technische Universität Dresden in Dresden, Germany, during 6-8 December 2017. The workshop aimed at bringing together researchers working on
SOQE and related topics in a dedicated event. Its program includes nine invited
talks, two tutorials and nine research talks, acquired with an open call for submissions of original research, adaptions of relevant research published elsewhere
and discussions of research in progress.
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Interpolation for Query Reformulation
(Abstract of Invited Talk)
Michael Benedikt
Department of Computer Science, University of Oxford, UK

In this talk I will explain query reformulation problems – given a formula Q and
a background theory Σ, the goal is to translate Q, either into another formula or
a direct implementation, such that the translation is equivalent to Q according
to Σ, and such that the translation satisfies additional interface restrictions –
e.g. restrictions on the vocabulary. I will review the approach to solving these
problems via interpolation which has been investigated by several groups of
researchers over the last few years, presenting the properties of a proof system
and interpolation algorithm we might desire for the application to reformulation.
I will then give a quick tour of some proof methods and associated interpolation
methods proposed in the past, with some tentative remarks about how these
stack up against the requirements.
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Algorithmic Correspondence and Canonicity for
Non-Classical Logics
(Abstract of Invited Talk)
Willem Conradie
University of Johannesburg, South Africa

In this talk I give an overview of the work on algorithmic approaches to correspondence and canonicity for non-classical logics in which I have been involved
over the past decade, and which has evolved into the research programme now
being called ‘unified correspondence’. In the first part I will discuss work that
was a collaboration with Valentin Goranko and Dimiter Vakarelov, while the
second part details work with Alessandra Palmigiano and a number of other
collaborators.
Sahlqvist Theory. As is well known, every modal formula defines a secondorder property of Kripke frames. Sahlqvist’s famous theorem [31] gives a syntactic definition of a class of modal formulas, the Sahlqvist formulas, each of
which defines an first-order class of frames and is canonical. Over the years,
many extensions, variations and analogues of this result have appeared, including alternative proofs in e.g. [32], generalizations to arbitrary modal signatures
[30], variations of the correspondence language [28, 1], Sahlqvist-type results for
hybrid logics [4], various substructural logics [26, 18, 21], mu-calculus [2], and enlargements of the Sahlqvist class to e.g. the inductive formulas of [24], to mention
but a few. Another natural approach to the modal correspondence problem is to
apply second-order quantifier elimination algorithms to the frame-translations of
modal formulas. It has been shown, for example, that the algorithms SCAN [20]
and DLS [17] both succeed in computing first-order equivalents for all Sahqvist
formulas [23, 5].
SQEMA. SQEMA is an acronym for Second-Order Quantifier elimination in
Modal logic using Ackernann’s Lemma. As this would suggest, SQEMA is related
to DLS in its use of the Ackermann lemma as the engine for eliminating predicate
variables and of equivalence preserving rewrite-rules to prepare formulas for
the application of the former. A major difference, however, is that SQEMA is
specifically targeted at propositional modal logics which it does not translate into
second-order logic, but manipulates directly. However, modal logic itself cannot
express the required equivalences, formulated as rewrite rules, so an enriched
hybrid language with inverse (temporal) modalities is required. SQEMA is strong
enough to compute first-order correspondents for at least all inductive formulas.
Perhaps more surprisingly, it is possible to extract a proof of canonicity (in
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the form of d-persistence) for every formula on which SQEMA succeeds [11].
Schmidt has introduced another algorithm based on Ackermann’s Lemma which
is optimized for implementation purposes [33].

Extensions of SQEMA. SQEMA extends in an unproblematic way to polyadic
(purely) modal languages and hybrid languages [12]. Extensions using a recursive version of the Ackermann lemma enable SQEMA to find correspondents in
first-order logic with least fixed points for some non-elementary modal formulas
like the Löb formula [10]. Relaxing the syntactic requirement of positivity in the
Ackermann rule to monotonicity, yields a more general ‘semantic’ algorithm [9].
Including various substitution rules results in an extension of SQEMA [13] that
can handle all Vakaralov’s complex formulas [34].

ALBA. SQEMA and its variations are applicable to (extensions of) modal logics based on classical propositional logic. The distributive modal logic of Gehrke,
Nagahashi and Venema [22] is similar to intuitionistic modal logic but lacks the
implication, and has four unary modalities, which can be though of as ‘possibly’, ‘necessarily’, ‘possibly not’ and ‘necessarily not’. Distributive lattices with
operators provide the algebraic semantics for this logic which a discrete duality
links to Kripke frames enriched with partial ordering relations. The ALBA algorithm [14] (an acronym for Ackermann Lemma Based Algorithm) is a successor
of SQEMA which is adapted to this setting. The loss of classical negation has
far reaching consequences requiring major changes and making ALBA a distinctively different algorithm from SQEMA. Simultaneously, the move to this
more general environment helps to clarify the essentially order-theoretic and algebraic nature of the properties underlying Salhqvist’s theorem and algorithms
like SQEMA and ALBA.

Unified Correspondence. These insights are explored and developed in [8]
as a framework for unifying disparate correspondence and canonicity results in
the literature and as a methodology for formulating and proving new ones in a
wide range of logics. One of the most general instances of this is a Sahlqvist-style
result for logics with algebraic semantics based on possibly non-distributive lattices with operators exhibiting a wide range of order-theoretic behaviours [15].
Giving up distributivity results in the original ALAB algorithm’s strategy becoming unsound in significant aspects. This calls for a new approach where
formulas are no longer decomposed connective-by-connective, but where their
order-theoretic properties (as term functions on algebras) determine the applicability of rules which extract subformulas directly. This framework covers many
well known logics including the Full Lambek and Lambek calculus, (co- and bi-)
intuitionistic multi-modal logic, Prior’s MIPC and Dunn’s Positive Modal Logic.
Furthermore, normality of modal operators is by no means a prerequisite for the
unified correspondence approach to work, as is shown in [29].
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Extensions of ALBA. Although the results for possibly non-distributive logics outlined in the previous paragraph are very general, the particular features of
many logics require special treatment and therefore customised versions of ALBA
and bespoke realizations of the unified correspondence paradigm. These include
mu-calculi, already studied from a Sahlqvist-theoretic perspective in [2], where
the presence of fixed-point binders significantly complicates the order theoretic
considerations and requires special rules [6, 7]. Hybrid logics pose no problem as
far as correspondence is concerned, since nominals and the other typical syntactic machinery do not introduce second-order quantification, but canonicity
and completeness results require innovative treatment [16]. Correspondence for
many-valued modal logic is easy to obtain once ALBA is seen to be applicable
via an appropriate algebraic duality [3].
Other Applications of Unified Correspondence. Although the original
purpose of SQEMA and ALBA is to eliminate second-order quantifiers, the fact
that they both also guarantee canonicity already indicates that their usefulness
goes beyond this. Other such applications include the dual characterizations of
classes of finite lattices [19], the identification of the syntactic shape of axioms
which can be translated into structural rules of a proper display calculus [25]
and of internal Gentzen calculi for the logics of strict implication [27].
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Focusing on a Vocabulary: Ontology
Inseparability, Uniform Interpolation and
Modularity
(Abstract of Invited Talk)
Boris Konev
Department of Computer Science, University of Liverpool, UK
konev@liverpool.ac.uk

Standardisation and wide acceptance of the web ontology language OWL and
its profiles have led to the proliferation of description logic ontologies, especially
in the medical, bioinformatics and semantic web domains. The sheer size and
complexity make it virtually impossible for a human to comprehend the underlying logical structure of an ontology as a whole, so it can be advantageous for
ontology engineers to concentrate on specific parts of an ontology. On the other
hand, local changes to a logical theory, and interactions between such changes,
can have unpredictable non-local effects. Ontology inseparability, closely linked
with the notion of conservative extension, is a powerful tool to capture non-local
dependencies between ontology terms within a given vocabulary, depending on
a specific application scenario. In this talk, we consider different notions of ontology inseparability and their applications to modularity, forgetting and logical
difference.
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Conservative Extensions in Description Logics
and Beyond
(Abstract of Invited Talk)
Carsten Lutz
Department of Computer Science, University of Bremen, Germany

In description logic (DL), deciding whether a logical theory is a conservative
extension of another theory is a fundamental reasoning task with applications in
ontology modularity and reuse, ontology versioning, and ontology summarization [1]. It is well-known that conservative extensions are decidable in many DLs
and that they can often be characterized elegantly in term of model theoretic
notions such as bisimulations, simulations, or homomorphisms. In this talk, we
discuss two current topics in conservative extensions.
First, we consider versions of conservative extensions that are defined in terms
of data and querying [2]. We show that when ontologies are formulated in the description logic ALC and queries are conjunctive queries (CQs), then the resulting
decision problem is undecidable. Remarkably, decidability is regained when CQs
are replaced with unions of conjunctive queries (UCQs). We also consider the
unexpectedly dramatic effects of admitting inverse roles in ontologies [3], namely
that, in model-theoretic characterizations, homomorphisms have to be replaced
with bounded homomorphisms, resulting in considerable technical challenges in
designing decision procedures.
And second, we study the decidability of conservative extensions in more
expressive decidable fragments of first-order logic such as the two-variable fragment and the guarded fragment [4]. We show undecidability for these two fragments and decidability for the two-variable guarded fragment. The latter rests
on a model-theoretic characterization that is considerably more complex than for
many standard DLs. Again, boundedness of the relevant model-theoretic notion
(which in this case is GF2 -bisimulation) plays an important role.
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Elimination Techniques
in Modern Propositional Logic Reasoning
(Abstract of Invited Talk)
Norbert Manthey
nmanthey@conp-solutions.com

The satisfiability testing (SAT) problem is one of the most relevant problems of
computer science, as SAT is the representative problem for the complexity class
N P [3]. Due to the numerous improvements to SAT solvers, many industrial
problems are successfully reduced to SAT [3]. The highly optimized and specialized SAT solvers make these improvements accessible, and with such systems
solving problems via SAT became effective.
Many recent improvements in SAT solvers are related to data structures,
search heuristics or problem simplifications. However, the major reasoning techniques in propositional logic is resolution on clauses, used in unit propagation,
variable elimination as well as clause learning [6, 7, 13]. State-of-the-art SAT
solvers primarily use this technique to guide their search [1].
Both from a reasoning strength, as well as from an empirical analysis point of
view, these systems still benefit from further problem simplifications, specifically
variable elimination, where elimination is not only performed on pure clauses,
but also on XOR constraints as well as cardinality constraints [2, 4, 8, 14]. For
the two more expressive constraint types, constraints can even be extracted from
formulas in CNF.
The relations between formulas F before and after F 0 a simplification have
been described in [11]. For applied SAT solving, not only performance matters,
but also the ability of constructing models for the original formula F based on
a model for F 0 . All above mentioned elimination techniques have this property.
Further simplification techniques rely on removing clauses, e.g. blocked clause
elimination [9]. From a proof complexity point of view, the counter technique –
adding blocked clauses [10] – can lead to a much more powerful reasoning than
resolution, namely introducing fresh variables via extended resolution [5]. Attempts on introducing fresh variables automatically exist [12], but are currently
more used during encoding a problem into CNF than as a reasoning technique
during search. Again, a model for the original formula can always be constructed
based on a model of the simplified formula.
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Automated Forgetting and Uniform
Interpolation: Three Tools
(Abstract of Invited Talk)
Renate A. Schmidt
School of Computer Science, The University of Manchester, UK

Forgetting eliminates symbols from a knowledge base so that consequences over
the remaining symbols in the signature are preserved. In logic the problem has
been studied as the uniform interpolation problem. Uniform interpolation is a
notion related to the Craig interpolation problem, but is stronger.
In computer science the importance of forgetting can be found in the knowledge representation literature, specification refinement literature and the area of
description logic-based ontology engineering. In ontology-based information processing, forgetting allows users to focus on specific parts of ontologies in order to
create decompositions and restricted views for in depth analysis or sharing with
other users. Forgetting is also useful for information hiding, explanation generation, semantic difference computation and ontology debugging. Forgetting is an
inherently difficult problem, much harder than standard reasoning (satisfiability
and validity testing), and very few logics are known to be complete for forgetting
(or have the uniform interpolation property). These not so encouraging premises
should however not prevent us from developing practical methods for computing
forgetting solutions and uniform interpolants.
My presentation gives an overview of the methods and success stories of three
forgetting tools:
– Scan, which performs second-order quantifier elimination [1, 2],
– Lethe, which solves the uniform interpolation problem for many expressive
description problems extending ALC [3, 4], and
– Fame, which computes semantic forgetting solutions for description logics
of different expressivity [5, 6].
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Swinging between Expressiveness and Complexity
in Second-Order Formalisms: A Case Study
(Abstract of Invited Talk)
Andrzej Szałas1,2
Institute of Informatics, University of Warsaw, Poland
Department of Computer and Information Science, Linköping University, Sweden
andrzej.szalas@{mimuw.edu.pl,liu.se}
1

2

Second-order logic proved very useful in formalizing phenomena related to many
forms of reasoning both monotonic and nonmonotonic. One of the misconceptions about various forms of second-order formalisms is that, in general, they
are not amenable to practical use due to their high complexity. In fact, it is
often the case that restricted, but quite general uses of second-order quantifier
elimination allow for the constructive reduction of such second-order theories to
logically equivalent first-order or fixpoint theories, as shown in many cases, e.g.,
in correspondence theory for modal logics [1,5,10,11,12,14], computing circumscription [2,8] and many others [6].
When modeling complex phenomena, like those related to commonsense reasoning, it proved useful to first swing up to the general case, using as complex
logical tools as needed, and then to swing down by isolating fragments of general (second- or higher-order) theories admitting efficient reasoning techniques.
This is evident, e.g., in the case of circumscription where the general case is
second-order while large classes of formulas admit second-order quantifier elimination [2,8] This approach is also applied in [3] where a technique for computing weakest sufficient and strongest necessary conditions for first-order theories
using second-order quantifier elimination is provided. Given a theory expressing properties of concepts, these conditions, proposed for the propositional case
in [9], allow one to define the best approximations of concepts under the theory,
assuming that some concepts have to be forgotten.
In [4], a highly expressive framework for qualitative preference modeling has
been introduced. The framework uses generalized circumscription [7] which allows for predicates (and thus formulas) to be minimized/maximized relative to
arbitrary pre-orders (reflexive and transitive). It has also been shown in [4] how
a large variety of preference theories extended with cardinality constraints, can
in fact be reduced to logically equivalent first-order theories using second-order
quantifier elimination techniques developed for that purpose.
This talk will be devoted to a case study of combining the techniques of [3,4]
to swing up to a powerful higher-order formalism for approximating concepts
when the underlying theories contain qualitative preferences and cardinality constraints. Then. suitable techniques and restrictions of the general theory will be
indicated to swing down to computationally friendly cases. Of course, using
techniques extending [13] (or, e.g., [15,16]), one can embed this formalism in
description logics using suitable second-order quantifier elimination techniques.
This will also be demonstrated during the talk.
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Forgetting for Logic Programs/Existential Rules
(Abstract of Invited Talk)
Kewen Wang (collaboration with Zhe Wang)
Griffith University, Australia

The notion of forgetting has been investigated extensively for various types of
logic programs. Syntactically, a logic program can be Horn, normal (non- disjunctive), disjunctive, nested and existential. The semantics for most of such
logic programs is based on either classical semantics or stable models. In this
talk, we will discuss some major approaches to forgetting in logic programming,
especially, the class of existential rules, a family of expressive ontology languages,
which inherit desired expressive and reasoning properties from both description
logics and logic programming. Yet it is challenging to establish a theory of forgetting for existential rules. We will introduce a theory of forgetting for existential
rules in terms of query answering based a novel notion of unfolding. A result of
forgetting may not be expressible in existential rules, and we then capture the
expressibility of forgetting by a variant of boundedness. While the expressibility
is undecidable in general, we identify a decidable fragment. Finally, we provide
an algorithm for forgetting in this fragment.
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Ackermann-Based Forgetting for
Expressive Description Logics
(Abstract of Invited Talk)
Yizheng Zhao
The University of Manchester, UK
yizheng.zhao@manchester.ac.uk

Forgetting refers to a non-standard reasoning problem concerned with eliminating terms (i.e., concept and role names) from description logic-based ontologies
whilst preserving sufficiently many logical consequences up to the remaining
terms. On one hand, it turns out to be a very useful technique in ontology-based
information processing, as it allows users to focus on specific parts of ontologies
in order to create restricted views or decompositions for in-depth analysis or
sharing with other users; forgetting is also useful for information hiding, explanation generation, logical difference computation, and ontology debugging and
repair. On the other hand, forgetting is an inherently difficult problem – it is
much harder than standard reasoning (satisfiability testing) – and very few logics are known to be complete for forgetting, there has been insufficient research
on the topic and very few forgetting tools are available at present.
This work investigates practical methods for semantic forgetting in expressive description logics not considered so far. In particular, we present a practical
method for forgetting concept and role names from ontologies expressible in the
description logic ALCOIH(O, u), i.e., the basic ALC extended with nominals,
inverse roles, role inclusions, the universal role and role conjunctions, and a
practical method for forgetting role names from ontologies expressible in the description logic ALCOQH(O, u), i.e., ALCOH(O, u) additionally extended with
qualified number restrictions. Being based on non-trivial generalisations of a
monotonicity property called Ackermann’s Lemma, these methods are the first
and the only approaches so far that allow for concept and role forgetting in
description logics with nominals and that allow role forgetting in description
logics with qualified number restrictions. The methods are goal-oriented and
incremental. They always terminate and are sound in the sense that the forgetting solution is equivalent to the original ontology up to the interpretations of
the forgotten names, possibly with the interpretations of the newly-introduced
nominals or concept definers during the forgetting process.
The methods are implemented in Java using the OWL API and the prototypical implementation, namely, Fame, was evaluated on several corpora of
publicly accessible biomedical ontologies (in order to verify the practicality of
the methods). Despite our methods not being complete, the evaluation results
showed that Fame was successful in most test cases (i.e., forgot all concept and
role names specified in the forgetting signatures) within a very short period of
time.
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Resolution Based Uniform Interpolation and
Forgetting for Expressive Description Logics
(Abstract of Tutorial)
Patrick Koopmann
Institute of Theoretical Comp. Science, Technische Universität Dresden, Germany
patrick.koopmann@tu-dresden.de

This tutorial discusses resolution-based methods for computing uniform interpolants in various expressive description logics (DLs) and their implementations,
and their relations to second-order quantifier elimination. DLs [1] are fragments
of first-order logic used to define terminological knowledge in form of ontologies, using a set of unary and binary predicates called concept and role names,
which form the signature of the ontology. Forgetting a set of given concept and
role names from an ontology means computing a new ontology that does not
use these concept and role names, but preserves all logical entailments of the
original ontology over the remaining signature. The resulting ontology is then a
uniform interpolant of the original ontology for the remaining signature. There
is a range of applications for uniform interpolants, such as for ontology reuse,
ontology analysis, or computing logical differences.
Theoretical results on uniform interpolation seem discouraging. In most known
DLs, uniform interpolants do not always exist, and already the problem of deciding whether a uniform interpolant exists for a given ontology and signature
is ExpTime-complete for the Horn DL EL [7], and 2ExpTime-complete for the
expressive DL ALC [8]. Moreover, in both DLs, uniform interpolants have in the
worst case a size that is triple-exponential in the size of the input ontology [9,8].
The former problem can be solved by computing uniform interpolants in DLs
that have fixpoint operators, which often ensures that uniform interpolants do
always exist. Regarding the size of the uniform interpolants, experiments indicate that the worst-case rarely occurs with real-life ontologies, and that uniform
interpolants are in most cases not larger than the original ontology. However,
due to the high worst case complexity, the practical computation of uniform
interpolants in expressive DLs requires dedicated and goal-oriented procedures.
Forgetting and uniform interpolation are similar to second-order quantifier
elimination in the sense that the goal is to eliminate predicates from a logical formulae, while preserving logical entailments in the remaining signature. However,
while the result of second-order quantifier preserves all second-order entailments
of the original formula, uniform interpolants only preserve entailments that can
be expressed in the DL at hand. Despite these differences, the similarity to
second-order quantifier elimination motivates the use of similar techniques for
computing uniform interpolants. This tutorial presents such an approach, which
is based on the idea of computing relevant entailments using resolution. For this,
it uses a resolution-based calculus that was first presented in [2] for the DL ALC,
and later extended to more expressive DLs such as SHQ [3] and SIF [5], as
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well as to knowledge bases with ABoxes [6]. In theory, these calculi can be seen
as a consequence-based reasoning procedures that could also be used for classical reasoning tasks such as consistency-checking or classification. However, in
order to be suited for computing uniform interpolants, they have to satisfy additional completeness conditions tailored towards the computation of uniform
interpolants. We will present some of these calculi, and discuss algorithms and
optimisations used in the tool Lethe [4] for computing uniform interpolants.
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Cut Elimination
and Second Order Quantifier Elimination
(Abstract of Tutorial)
Alessandra Palmigiano
with Giuseppe Greco, Minghui Ma, Apostolos Tzimoulis, Zhiguang Zhao
Delft University of Technology, Netherlands

Display calculi, pioneered by Belnap [1], are a proof-theoretic framework generalizing Gentzen’s sequent calculi, which have succeeded in endowing a large class
of modal logics with cut-free sequent calculi in a uniform and modular way. The
robustness and modularity of display calculi are rooted in a general methodology
for proving cut-elimination, which identifies conditions on the design of sequent
calculi which guarantee the success of a certain uniform strategy for syntactic
cut elimination.
Recently, systematic connections have been established between algorithmic
correspondence theory, well known from the area of modal logic, and the theory
of display calculi. These connections originate from some seminal observations
made by Kracht [5], in the context of his characterization of the modal axioms
which can be effectively transformed into ‘analytic’ structural rules of display
calculi. In this context, a rule is ‘analytic’ if adding it to a display calculus
preserves Belnap’s cut-elimination theorem.
The present tutorial illustrates these connections. Specifically, after introducing (proper) display calculi and discussing the uniform strategy for their
cut elimination, I will discuss how the two main tools of unified correspondence
theory [3], [2] (namely, (a) the ALBA algorithm for second order quantifier elimination, and (b) the syntactically defined class of inductive inequalities in each
logical/algebraic signature of normal distributive lattice expansions) can be used
to produce analytic calculi for a certain subclass of inductive formulas (the analytic inductive inequalities), and to exhaustively characterize this subclass as
the class of the ‘properly displayable’ logics.
Time permitting, I will also discuss how the methodology of multi-type calculi
[4] can be used to circumvent this exhaustive characterization, and export these
techniques also to non analytic logics.
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A Preliminary Comparison of Forgetting
Solutions Computed using SCAN, LETHE and
FAME
Ruba Alassaf and Renate A. Schmidt
School of Computer Science, The University of Manchester, UK

Abstract. Forgetting, in description logic, is a non-standard reasoning technique. The aim of this technique is to eliminate concept and role
symbols from a knowledge base, whilst preserving all logical consequences
up to the remaining symbols. In this research, three forgetting tools were
used to understand the relationship between the approaches on which they
are based: SCAN, LETHE and FAME. The approach applied LETHE to
description logic-based ontologies to investigate the solutions being computed. The solutions were then compared with those being computed using
the other forgetting tools, SCAN and FAME.
Key words: Forgetting, Ontology, Resolution, Ackermann’s Lemma.

1

Introduction

In previous research, a number of practical approaches have been developed
to perform forgetting. Generally, these tools fall within two categories: those
which use resolution and others which use methods that exploit Ackermann’s
Lemma. The aim of this research was to compare the solutions being computed
between the different methods using real world ontologies. The three tools used
to represent the different approaches analyzed in this research are SCAN [2, 5],
LETHE [3, 4], and FAME [6].
The first tool, SCAN, computes forgetting solutions for knowledge-bases expressed in first-order logic using a resolution-based approach, namely the SCAN
algorithm [2]. Since forgetting in first-order logic is not generally solvable, SCAN
is not guaranteed to find a solution. SCAN uses Skolemization to eliminate existential quantifiers, and therefore Skolem terms may appear in SCAN’s solutions.
Similarly, LETHE, the second tool, computes its forgetting solution for description logic-based ontologies using a resolution-based method. However, it
has been proven that the approach used to develop LETHE will find forgetting
solutions for the description logics it can handle [3]. Furthermore, a point that
will be useful later is that the forgetting solutions computed using LETHE may
involve definer symbols, which are not part of the original vocabulary. This is
due to applying flattening techniques to the ontology and sometimes failing to
eliminate the extra symbols introduced during the computation [3].
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Finally, the last tool, FAME, computes its forgetting solutions for description
logic-based ontologies using a method based on Ackermann’s Lemma. Similar to
LETHE, the method is guaranteed to terminate. However, the method is not
forgetting complete and may fail to eliminate some of the symbols [6]. The
symbols it fails to eliminate are present in the result computed by the system.
The difference between the tools lie in the expressivity of the logics being
supported, as well as the forgetting methodology being used. The aim of this
research was to apply one of the forgetting tools, LETHE, to description logicbased ontologies to investigate the solutions computed, and compare them with
those computed using SCAN and FAME. The focus was on concept forgetting
in the description logic ALC.

2

Our Tool

For the purposes of the comparison in this research, a tool has been developed
to investigate the solutions computed using LETHE, which were then compared
with those computed using SCAN and FAME. FAME and LETHE have the
advantage of being able to process large ontologies, hence two separate versions
of the system were created: one that compares LETHE and SCAN, and another
that compares FAME and LETHE using larger ontologies. An effort has been
made to maximize the size of the ontologies that SCAN can accept. However, the
considered ontologies were still not as large as desired. This is due to boundaries
in the static data structures of SCAN.

Fig. 1. An abstract design of our tool using SCAN and LETHE.

Figure 1 and Figure 2 give an overview of the components of the system and
show how they are used. As can be seen in Figure 1, the tool parses an ontology
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Fig. 2. An abstract design of our tool for comparing LETHE and FAME.

O expressed in description logic in the OWL syntax, using the OWL API, and
a set of concept symbols Σ, that is referred to as the forgetting vocabulary. A
description logic to first-order logic translator that uses the established relationship between them [1] has been built. The tool uses the translator to translate
an ontology expressed in OWL syntax to an equivalent set of first-order formulae expressed in Otter syntax. It is used to translate the input ontology into an
equivalent input for SCAN. After each of the two systems have computed its
solution, a first-order logic theorem prover called Prover91 was used to check
for entailments between the results. The translator was used again to translate
LETHE’s results to first-order logic as Prover9 uses the Otter syntax, too.
The system shown in Figure 2 is another version of the one used in Figure 1,
except that the appropriate changes were made to use FAME instead of SCAN.

3

Results of Comparing SCAN and LETHE

In this section, the results of the comparison made between the solutions produced using SCAN and LETHE are presented. Following this, the results of the
comparison made between the solutions produced using LETHE and FAME are
presented in the next section.
In both comparisons, a set of randomly selected concepts was forgotten. The
cardinality of the forgetting vocabulary varied depending on the number of concepts present in the ontology. However, for each ontology, an effort has been
made to test and evaluate the forgetting solutions computed, as a result of forgetting sets of concepts of different sizes, ranging from low to high. In ontologies
expressed in description logics that are more expressive than description logic
ALC, an ALC fragment of the ontologies were used. The tests where LETHE
1

https://www.cs.unm.edu/∼mccune/prover9/
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produces results that contain definer symbols were excluded as they are not part
of the original vocabulary.
After testing and evaluating fragments of different ontologies from the OBO
Foundry ontology repository2 , the following results were observed.
1. The solutions computed using SCAN always entail the solutions computed
using LETHE.
2. The solutions computed using LETHE always entail the solutions computed
using SCAN if no Skolem terms occur in SCAN’s solutions. However, if
Skolem terms do occur in the solution, the solution computed using LETHE
entail the subset of clauses and formulas that do not contain Skolem terms.
3. In some cases, the subset of clauses and formulas in SCAN’s solution, that
do not contain Skolem terms, is sufficient to entail the forgetting solutions
computed using LETHE. The exact reason behind this occurrence raises
interesting new questions of research.
4. If SCAN and LETHE both terminate, the approach used to develop SCAN
outperforms the approach used to develop LETHE. However, it must be
noted that this is the average situation.
5. In some cases the two approaches agree on the difficulty of the forgetting
problem. However, in other cases, it was observed that LETHE found some
forgetting problems to be difficult, while SCAN found a solution relatively
quickly. It was speculated that the reverse occurs as well, but currently there
is not sufficient evidence to support it.

4

Results of Comparing LETHE and FAME

Based on the testing and evaluation performed using fragments of ontologies
from the Oxford ontology repository3 , the following results were observed:
1. If FAME successfully forgets all the symbols in the forgetting vocabulary
and produces a solution that is expressed in description logic ALC, rather
than a more expressive description logic such as ALCI, then the solutions
produced by FAME and LETHE entail one another.
2. If FAME successfully forgets all the symbols in the forgetting vocabulary,
but produces a solution in a more expressive description logic, namely ALCI,
then the solutions produced by FAME entail those produced by LETHE.
3. If FAME fails to forget a subset of the forgetting vocabulary and LETHE
produces a solution that does not contain any unwanted symbols such as
definer symbols, then the solutions produced by FAME entail those produced
by LETHE. This case captures the strength of resolution as it shows that
there exist cases where a forgetting problem can be solved using resolution
but not using an Ackermann-based approach. Consequently, this opens the
door to consider a hybrid technique that benefits from the speed of FAME
and the power of LETHE.
2
3

http://obofoundry.org
http://www.cs.ox.ac.uk/isg/ontologies/
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4. One of the differences between FAME and LETHE is that LETHE introduces definer symbols using standard flattening techniques to structurally
transform the ontology into what is called normal form, in order to simplify
its computations. We found that if LETHE introduces definer symbols and
fails to eliminate all of them, FAME fails to forget at least one symbol in
the ontology. Consequently, if FAME fails to forget at least one symbol and
LETHE fails to eliminate at least one definer symbol, then no entailments
can be inferred. This is obvious because each tool produces solutions that
contain symbols that are not present in the solutions of the other tool. However, interestingly, one of the flattening techniques used to produce definer
symbols in LETHE is inspired by Ackermann’s Lemma; instead of using
the Lemma to eliminate a symbol, it is used to introduce one. Hence, this
raises the question: what is the relationship between the definer symbols
that LETHE failed to eliminate and the symbols FAME failed to forget?
We expect that these are cases of symbols with cyclic dependencies, which
remains to be checked.

5

Concluding Remarks

Parts of the theory were confirmed and verified using a tool that was developed
for the purposes of this research. The tool aims to compare the solutions computed using the three forgetting tools: SCAN, LETHE and FAME. It provided
insight into the relationship between the three forgetting tools in the absence of
a theoretical comparison.
The possibilities of a hybrid system are currently being investigated in an
attempt to improve the performance while exploiting the power of resolution.
A naive implementation has shown interesting results, particularly, for one of
the forgetting problems. This problem took the resolution rules, implemented
in LETHE, more than 14 hours to compute a solution. On the other hand,
FAME, which exploits Ackermann’s Lemma, successfully forgets all the symbols
in the forgetting problem, except for one, in two seconds. The hybrid method
which first applies FAME and then LETHE to the result computed by FAME
successfully forgets all the symbols in the forgetting problem in three seconds.
It would be interesting to develop heuristics that select the approach to use for
each symbol in the forgetting vocabulary.
Moreover, we are interested in investigating the relationships between the
tools and the underlying approaches more deeply. For example, we have not yet
found any counterexamples to the following statement: when FAME successfully forgets all the symbols in the forgetting vocabulary, but produces results in
ALCI, we have that the solutions produced by LETHE entail a subset of those
produced by FAME, namely the subset of solutions that are expressed in description logic ALC. Additionally, no cases where FAME successfully forgets all
the symbols and LETHE fails to eliminate a definer symbol were found during
this research. We would like to investigate if this can theoretically happen. For
concept forgetting in ALC, we expect that this cannot happen. Finally, we would
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like to continue investigating the relationship between the approaches used in
the various systems but for more expressive description logics.
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Abstract. This paper presents a method for abduction in description
logic ontologies. The method is based on forgetting and contrapositive
reasoning and can produce semantically minimal hypotheses for TBox
and ABox abduction in the description logic ALC. The method is not
restricted to Horn clauses or atomic observations and hypotheses. Key
considerations when using forgetting for abduction are addressed. A Java
prototype has been implemented, making use of the resolution-based
forgetting method implemented in the tool LETHE. Experimental results
over a corpus of ontologies show the practicality of the method across a
number of scenarios.

1

Introduction

This paper presents a resolution-based method for performing both TBox and
ABox abduction in ALC ontologies, which utilises the forgetting method developed in [7–10]. The observations and hypotheses can contain atomic and complex
concepts. Currently, the method is restricted to the expressibility of ALC and
cannot compute hypotheses for problems involving role assertions. System properties, essential postprocessing steps and other considerations are discussed with
an evaluation of the system on various ontologies.
The contributions of this paper are as follows: (1) Abduction in ontologies is
framed in terms of forgetting and contrapositive reasoning. Important considerations, such as extracting hypotheses from uniform interpolants, are discussed
with proposed solutions. (2) We show that the uniform interpolation method in
[9] can not only be used for TBox abduction [10] but also ABox abduction. (3) A
unified method for TBox and ABox abduction based on forgetting is presented.
This method can compute complex hypotheses from complex observations, finding a semantically minimal hypothesis for each observation in terms of a set of
abducible symbols defined by a forgetting signature. (4) The practicality of the
system is evaluated on a corpus of real-world ontologies.

2

Abduction in DL Ontologies

The aim of abduction is to compute a hypothesis to explain a new observation.
This task is usually split into the tasks of TBox and ABox abduction, for which
Copyright c 2017 by the paper’s authors
In: P. Koopmann, S. Rudolph, R. Schmidt, C. Wernhard (eds.): SOQE 2017 – Proceedings of the Workshop on Second-Order Quantifier Elimination and Related Topics,
Dresden, Germany, December 6–8, 2017, published at http://ceur-ws.org.
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the observation ψ and the hypothesis H take the form of sets of TBox axioms
and ABox axioms respectively [2]. Two of the most common requirements are
expressed in conditions (i) and (ii) of Definition 1 [13, 5], which is the form of
the abduction problem considered in this paper.
Definition 1. Abduction in Ontologies. Let O be an ontology, SA be a set
of abducible symbols, and ψ an ABox or TBox axiom such that O, ψ 6|=⊥ and
O 6|= ψ. The abduction problem is to find a hypothesis H in the form of a set of
axioms, consisting only of symbols in SA , such that: (i) O, H 6|=⊥, (ii) O, H |= ψ
and (iii) there is no other hypothesis H0 such that sig(H0 ) ⊆ SA , O, H0 |= ψ and
H |= H0 , unless O, H0 ≡ O, H.
The condition O, ψ 6|=⊥ ensures that neither the ontology itself nor the ontology with the observation entail false, otherwise everything follows. The condition
O 6|= ψ imposes the constraint that the observation should not already follow
from the original ontology, otherwise the problem is deductive and the abduction solution is simply H = >. For ALC, it is also worth noting that for ABox
abduction both ψ and H must take the form of ABox axioms, while in the case
of TBox abduction both must take the form of TBox axioms.
Even with these conditions, the number of possible hypotheses is often intractably large. There is also the problem of finding the preferred hypotheses
among these possible solutions. Thus, a variety of additional constraints are
often considered to further restrict the space of abductive hypotheses [2].
The proposed method computes consistent, explanatory and semantically
minimal hypotheses in accordance with Definition 1. The semantic minimality
constraint in condition (iii) restricts the hypotheses to those that make the fewest
assumptions, and is the “strong” semantic minimality constraint in [4]. This is
a desirable characteristic for comparing hypotheses in many applications [14].
A set of abducibles is usually defined to further restrict the abductive hypotheses. The set of abducibles defines a subset of symbols in O that may appear
in the hypothesis H. Here, the abducibles are defined by a forgetting signature,
as the proposed method utilises forgetting to compute hypotheses that satisfy
the conditions outlined for the abduction task in Definition 1.

3

Forgetting and Uniform Interpolation

Forgetting, also known as uniform interpolation, is a process of finding a compact
representation of an ontology by hiding or removing subsets of symbols within
it. Here, the term symbols refers to concept and role names in the signature of
the ontology. The symbols to be hidden are defined by a forgetting signature
F, which consists of a subset of symbols in the ontology O. The symbols in F
should be removed from O, while preserving all entailments of O that can be
represented using the restricted signature sig(O)\F, resulting in a new ontology.
Definition 2. Uniform Interpolation in ALC. Let O be an ALC-ontology
and F a signature of symbols to be forgotten from O. Let SA = sig(O) \ F be the
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complement of F. The uniform interpolation problem [12] is the task of finding
an ontology V such that the following conditions hold: (i) sig(V) ⊆ SA , (ii) for
any set of axioms β: O |= β iff V |= β provided that sig(β) ⊆ SA . The ontology
V is a uniform interpolant of O for the signature SA .
Theorem 1. V is the uniform interpolant of ontology O for signature SA iff
V is the strongest necessary entailment of O in the signature SA .
It is not necessarily the case that the source and target languages are the
same. In [9] the uniform interpolant (or forgetting solution) of an ontology in
ALC may need to be expressed in an extension of ALC, which includes the
following additions: (i) fixpoint operators or definer symbols for representing
cycles and (ii) disjunctions of ABox axioms. Here, “definer symbols” refer to new
symbols that are not present in the original ontology. “Cycles” refer to uniform
interpolants that are not finitely representable in ALC. However, evaluations on
real-world ontologies have shown that the majority of uniform interpolants can
be represented in pure ALC. In the case where the result does contain cycles,
we represent this result using fixpoints. Thus, definer symbols do not appear in
any of the uniform interpolants computed.
The proposed abduction method utilises the resolution-based forgetting method
developed in [7–10], which can compute uniform interpolants of ALC ontologies
by forgetting both concept and role symbols in the original ontology. Here, this
method is referred to as IntALC . Two key characteristics for computing uniform
interpolants that are essential to the proposed abduction method are as follows.
Theorem 2. The uniform interpolation method has the following properties:
(1) Soundness: any ontology O0 returned by applying IntALC to an ontology O
is a uniform interpolant and hence satisfies criteria (i) and (ii) in Definition 2.
(2) Interpolation Completeness: if there exists a uniform interpolant O0 of
ontology O, then IntALC returns an ontology V such that V ≡ O0 .
For any combination of an ALC ontology O and forgetting signature F,
IntALC returns a finite uniform interpolant [9, 6].
The method IntALC relies on the transformation of the ontology to a normal
form given by a set of clauses of concept literals. The rules of the forgetting
calculus utilised in IntALC can be found in [9]. Definer symbols are introduced
to represent concepts that occur under the scope of a quantifier. Resolution
inferences are then made on literals including the symbols present in F and
the definer symbols. Once all possible inferences have been made, any clauses
containing symbols in F are removed and the definer symbols are eliminated
resulting in an ontology O0 that is free of all symbols in F.

4

A Forgetting-Based Abduction Method

The resolution-based nature of the IntALC makes it well suited to abduction via
contrapositive reasoning. The calculus is applicable not only to TBox abduction [10], but also to ABox abduction in a single unified framework. Algorithm 1
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below outlines our forgetting-based method which utilises IntALC to compute semantically minimal abductive hypotheses by exploiting contrapositive reasoning
as shown in the following theorem.
Theorem 3. Let O be an ontology, ψ an observation and H a hypothesis. Then
the following holds: O, H |= ψ iff O, ¬ψ |= ¬H.
Algorithm 1 Forgetting-Based Abduction. The algorithm computes hypothesis H for an observation ψ relative to ontology O. It is assumed that ψ
is a single axiom, which can also be a conjunction of assertions over a single individual “a” which does not occur in the ontology O. Two cases are considered:
(i) ψ is an ABox axiom C(a) or (ii) ψ is a TBox axiom C v D where C and
D can be any atomic or complex ALC concepts. The steps for both cases (i) and
(ii) are as follows:
1. Negate the observation to obtain ¬ψ. In case (i) ¬ψ = ¬C(a), while in case
(ii) ¬ψ = (C u ¬D)(a).
2. Choose a forgetting signature set F such that F ∩ sig(¬ψ) 6= ∅, where at
least one of the symbols in both F and ¬ψ occurs with opposite polarity in
the ontology O. Let SA = sig(O) \ F.
3. Use IntALC to compute a uniform interpolant of (O, ¬ψ) for SA by forgetting
the symbols in F.
4. Let V be the uniform interpolant computed. Apply filtering to V to obtain the
set of axioms V ∗ ⊆ V that are dependent on ¬ψ. This means that the axioms
in V ∗ are conclusions of inferences in IntALC with clauses from ¬ψ.
5. Assuming V ∗ = {α1 (a), ..., αk (a)}, let (i) HI = (α1 t ... t αk )(a) when ψ is
an ABox axiom, and (ii) HI = > v (α1 t ... t αk ) when ψ is a TBox axiom,
where αi ≡ ¬αi for any 1 ≤ i ≤ k.
6. In the case (i) of ABox abduction, let Hf = HI . In the case (ii) of TBox
abduction, an additional check is needed to ensure consistency of the hypothesis: O, HI 6|=⊥. If this succeeds, then Hf = HI .
This procedure can be performed iteratively over a set of observations. In the
event that cycles involving definer symbols occur in V, these will be represented
using fixpoint operators. It is important to note that F must contain at least
one symbol in the observation ψ, as described in step 2. This enables the computation of inferences between the ontology O and the negated observation ¬ψ
using IntALC , ensuring that the set of axioms V ∗ is computed. Otherwise, the
trivial hypothesis Hf = ψ will be obtained. It is also worth noting the choice of
representation for the negated observation ¬ψ. For ABox abduction, the negation of an ABox axiom ψ = C(a) is simply ¬ψ = ¬C(a). For TBox abduction,
the negation of a TBox axiom ψ = C v D can be represented in several ways
[10]: we choose to include a fresh individual name a and represent as an ABox
axiom ¬ψ = (C u ¬D)(a). Thus, for both TBox and ABox abduction ¬ψ takes
the form of an ABox axiom. This choice is exploited in the extraction of V ∗ from
the uniform interpolant V, as described in the next section.
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The exclusion of role assertions is due to the fact that the method IntALC
does not cater directly for negated role assertions. As a result, observations
containing role assertions cannot currently be handled by our abduction method.

5

Extraction of V ∗ from V

Many of the entailments in V do not involve inferences with the negated observation ¬ψ. These entailments do not contribute towards an explanation for
ψ, and must be removed to reduce redundancy and guarantee consistency of
the hypothesis returned. This leaves the set of axioms V ∗ , which consists of axioms obtained by inferences in IntALC with either clauses in ¬ψ or with clauses
previously derived by inferences with ¬ψ.
There are several ways to remove the unnecessary axioms in V ∗ . These include
checking the consistency of each disjunct in HI with the ontology O with an
external reasoner or performing subsumption deletion between axioms in V and
those in O. Both of these methods are computationally expensive, particularly
as there are often a large number of axioms in V. A third possibility is to trace
the dependency on ¬ψ as the inferences are performed in IntALC . However,
an alternate method was devised to eliminate these guaranteed redundancies
without relying on an external reasoner, subsumption deletion or dependency
tracing. This method utilises a property of the forgetting calculus IntALC .
Theorem 4. Efficient Filtering of V. Let O, ψ and V be defined as in Algorithm 1, where ¬ψ is an ABox axiom ¬C(a). For any α in the uniform interpolant V, α ∈ V ∗ iff the signature sigI (α) of individuals contains a.
After computing the set of axioms V ∗ , this set is negated to obtain a hypothesis HI , exploiting contrapositive reasoning as in Theorem 3. This is outlined in
step 5 of Algorithm 1. We have that O, ¬ψ |= V ∗ iff O, HI |= ψ where ¬V ∗ ≡ HI .
In the ABox abduction case, the unnecessary axioms in V \ V ∗ account for all
possible inconsistencies in HI , and no further processing is required. This was
confirmed empirically by the lack of any difference between HI and Hf in the
experimental evaluations in Tables 2 and 3. HI represents the hypothesis prior
to the following additional check of O, HI 6|=⊥. For TBox abduction, this test is
needed to ensure that the hypothesis returned by the system is not inconsistent
with the original ontology. This is due to the transformation from an ABox
assertion to a TBox axiom > v (α1 t ... t αk ) described in step 5 of Algorithm
1. This transformation is necessary as in ALC, if the observation ψ is a TBox
axiom then the hypothesis must also be a TBox axiom to ensure the condition
in Definition 1(ii) is satisfied.

6

Properties of Method

Key properties of the abduction method are presented here. These properties
hold for consistent ALC ontologies and the characteristics of the computed hy-
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potheses are relative to the signature defined by eliminating the symbols contained within the chosen forgetting signature F. If cycles occur in uniform interpolants, these are represented using fixpoint operators.
The proposed abduction method computes semantically minimal hypotheses.
This can be seen in terms of strongest necessary and weakest sufficient conditions
[11, 1]. The uniform interpolant computed by IntALC is the strongest necessary
set of entailments of the original ontology, as in Theorem 1. Thus, the axioms V ∗
can be seen as a set of strongest necessary entailments of (O, ¬ψ) that depend
upon the observation ψ. As discussed in [11], strongest necessary and weakest
sufficient conditions are dual conditions. Thus, by negating the set of axioms V ∗
under contrapositive reasoning, a weakest sufficient hypothesis Hf is obtained.
Theorem 5. Let O, ψ, HI and Hf be defined as in Algorithm 1. The following
conditions hold for the hypothesis Hf : (i) O, Hf 6|=⊥, (ii) O, Hf |= ψ and
(iii) Hf is a weakest sufficient explanation, i.e, if there is a H such that (i) and
(ii) hold and Hf |= H, then O, Hf ≡ O, H.
Theorem 6. Completeness with respect to SA . For an ontology O and
observation ψ, if there exists a consistent, semantically minimal hypothesis H0
within the signature SA = sig(O) \ F such that (O, H0 ) |= ψ, then the proposed
method returns a hypothesis Hf such that Hf ≡ H0 .
Several other properties of the method are worth noting. Firstly, in the case
that ψ is an ABox axiom, each disjunct αi (a) in the final hypothesis Hf is also
a hypothesis since O, αi (a) |= O, (α1 t ... t αk )(a) for 1 ≤ i ≤ k. Secondly, it is
possible to iteratively compute semantically stronger hypotheses due to the fact
that symbols are iteratively eliminated in the forgetting loop of IntALC .
Below is an example of an ABox abduction problem by [14, 15], used to illustrate the abduction procedure given by Algorithm 1 and the semantic minimality
of the hypothesis returned.
Example 1. Consider the following ontology O, consisting of two TBox axioms
β1 and β2 , and the observation ψ:
β1 : Professor t Scientist v Academic
β2 : AssocProfessor v Professor
ψ : Academic(Jack)
The steps in applying the proposed method are as follows: (1) Negate ψ to obtain
¬Academic(Jack). (2) Choose a forgetting signature F such that F ∩sig(¬ψ) 6= ∅,
in this case: F = {Academic}. (3) Obtain the uniform interpolant V by applying
IntALC to (O, ¬ψ) with the forgetting signature F. Using F = {Academic}, the
following uniform interpolant V is obtained with IntALC :
α1 : AssocProfessor v Professor
α2 : ¬ Professor(Jack)
α3 : ¬ Scientist(Jack)
(4) Obtain the set of axioms V ∗ that are dependent on ¬ψ by applying the filtering
described in Theorem 4 to the uniform interpolant V. The first entailment α1 is
filtered out as it follows directly from the ontology O and does not contain the
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individual observed: Jack. The entailments α2 and α3 are dependent on ¬ψ and
are retained. (5) Negate V ∗ to obtain a hypothesis HI :
HI = (Professor t Scientist)(Jack).
(6) In this case, ψ is an ABox axiom as in case (i) of Algorithm 1. Thus, no
further checks are required and HI = Hf .

The disjuncts of the hypothesis in this example are also (stronger) hypotheses: Professor(Jack) and Scientist(Jack), as is the conjunction of these two.

7

Experimental Evaluation

A Java prototype was implemented using the OWL-API1 and the library of
the utilised forgetting method: LETHE2 . A set of experiments was then carried
out over ontologies from the NCBO BioPortal3 and OBO 4 repositories, plus
the LUBM benchmark [3] and Semintec 5 financial ontologies. The ontologies
were converted to their ALC fragments: axioms not representable in ALC were
deleted while others, such as domain and range restrictions, were replaced by
equivalent ALC axioms. The characteristics of the resulting corpus are shown in
Table 1. The experiments were performed on a machine using a 4.00GHz Intel
Core i7-6700K CPU with 16GB of RAM.

Ontology TBox ABox Number of Number of
Name
Size Size Concepts Roles
BFO
52
0
35
0
HOM
83
0
66
0
LUBM
87
0
44
24
Semintec 199 65189 61
16
DOID
7892 0
11663
15
ICF
1910 6597 1597
41
OBI
28888 196 3691
67
NATPRO 68565 42763 9464
12
Table 1. Characteristics of the experimental corpus.

For each ontology, 30 observations were generated. For TBox abduction, each
set of observations contained random TBox axioms from the associated ontology,
consisting of atomic or complex concepts. For each individual test, the TBox
axiom was first removed from the ontology then used as an observation. For ABox
abduction, observations were randomly generated using assertions or arbitrary
concepts in the ontology. This was done to emulate information that may be
observed in practice. F was limited to the smallest possible signature: a randomly
1
2
3
4
5

http://owlapi.sourceforge.net/
http://www.cs.man.ac.uk/∼koopmanp/lethe/index.html
https://bioportal.bioontology.org/
http://www.obofoundry.org/
http://www.cs.put.poznan.pl/alawrynowicz/semintec.htm

34

selected concept symbol from ψ. The assumption was that a user may begin
by finding the most general hypotheses, which has the benefit that stronger
hypotheses can be found using the iterative abduction process described earlier.
The results are shown in Table 2. In almost all cases a semantically minimal hypothesis was computed within the time limit on LETHE. For the OBI
ontology, for two TBox and five ABox cases, LETHE timed out before a uniform interpolant was computed. Given more time a uniform interpolant would
be found. The time taken to compute Hf varied considerably with the ontology
size, as did the size of Hf . The difference between the number of axioms filtered
and the size of Hf , particularly for the larger ontologies, supports the need for
efficient filtering such as the proposal in Theorem 4. The sizes of HI and Hf
were equal for the ABox abduction results, indicating that all unnecessary entailments in the uniform interpolants were removed by the proposed filtering.
For TBox abduction the two values were different in all cases, leaving room for
improvement in the filtering used to avoid the need for additional checks on HI .
ABox abduction
TBox abduction
Ont. Mean Max. Axioms Mean size
Ont. Mean Max. Axioms Mean size
Name Time Time Filtered /disjuncts Name Time Time Filtered /disjuncts
/s
/s
from V HI Hf
/s
/s
from V HI Hf
BFO 0.03 0.25 51
1.0 1.0
BFO 0.03 0.35 51
2.1 1.5
HOM 0.03 0.25 82
1.8 1.8
HOM 0.03 0.32 81
3.3 3.0
LUBM 0.04 0.24 92
2.0 2.0
LUBM 0.04 0.31 89
2.3 1.8
Semin. 2.13 5.73 66757 1.3 1.3
Semin. 4.06 9.28 69900 5.2 0.5
DOID 0.57 1.68 8508
4.8 4.8
DOID 0.51 1.46 7890
3.2 2.6
ICF
1.16 4.11 8490
3.3 3.3
ICF
0.50 1.38 8504
4.3 3.9
OBI* 5.34 22.44 29360 5.6 5.6
OBI* 53.16 94.74 29059 92.4 92.3
NATP 46.44 399.31 111329 9.4 9.4
NATP 412.34 685.60 111196 130.0 125.1
Table 2. Results obtained for (i) ABox and (ii) TBox abduction over 30 observations
with a forgetting signature of size 1. * indicates ontologies for which LETHE did not
terminate within 120 seconds in at least one case.

8

Conclusion and Future Work

In this paper, a method for performing both TBox and ABox abduction in ALC
ontologies was presented. The method uses forgetting and can compute complex
hypotheses to explain both atomic and complex observations. The computed
hypotheses were shown to be semantically minimal within a specified set of
symbols. The practicality of the method was illustrated empirically across a
corpus of real-world ontologies.
The method will be extended to perform abduction in more expressive description logics and to handle statements involving role assertions. These aims
will likely be achieved by extending the IntALC calculus [9] to handle negated
role assertions. Another option would be to investigate other methods for forgetting [16]. Another aim is to investigate the use of the iterative abduction
procedure described earlier to compute increasingly stronger hypotheses.
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Abstract. We develop quantifier elimination procedures for a fragment
of higher order logic arising from the formalization of distributed systems (especially of fault-tolerant ones). Such procedures can be used in
symbolic manipulations like the computation of Pre/Post images and of
projections. We show in particular that our procedures are quite effective in producing counter abstractions that can be model-checked using
standard SMT technology.

1

Introduction

Building accurate declarative models of distributed systems requires some
complex logic, because integer and boolean variables are not sufficient: since
such systems are parameterized (i.e. they are composed by a finite but unspecified
number of processes), one needs to use arrays [1, 17] and, in the fault-tolerant
case, also cardinality constraints for arrays [3, 4, 6, 12]. Since arrays are modeled
by function symbols, when symbolic manipulations require to eliminate them,
some form of higher-order quantifier elimination or of higher order abstraction is
needed. Although in many situations existentially quantified array variables can
be eliminated via explicit definitions (see the implementations in [9, 18]), this is
no longer the case for concurrent and reactive systems exhibiting a large degree
of non determinism.
Quantifier elimination is a rare phenomenon in second order logic, but not
completely unexpected, witness the large literature on correspondence theory in
modal logic. For our intended applications, some quantifier elimination results
were already mentioned in [4] (Section 7.1, Thm 4) and a preliminary implementation is already available [15]. In this paper, we extend the results from our
previous paper [4] by obtaining quantifier elimination for formulae containing
matrices (i.e. binary arrays) and, more important, by covering formulae having
an extra universal quantifier (Theorems 2 and 3 below). Such expansions allow
us to produce arithmetic projections of more systems and to analyze benchmarks already covered in [15] in a more fine-grained way, so as to better match
the pseudo-code specifications of the original papers from the distributed algorithms literature.
Copyright c 2017 by the paper’s authors
In: P. Koopmann, S. Rudolph, R. Schmidt, C. Wernhard (eds.): SOQE 2017 – Proceedings of the Workshop on Second-Order Quantifier Elimination and Related Topics,
Dresden, Germany, December 6–8, 2017, published at http://ceur-ws.org.
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The paper is organized as follows: in Section 2 we introduce preliminary
notation for higher order logic, in Section 3 we describe our quantifier elimination results and in Section 4 we show how to apply the results to verification
problems. This paper is focused on algorithmic procedures; the reader can find
the detailed analysis of a benchmark in an Appendix of the extended (online
available) version [16] (more examples, analyzed with the same methods but requiring much weaker quantifier elimination results,1 can be found in [15], where
also some experiments are reported).

2

Higher Order Logic and Flat Constraints

In order to have enough expressive power, we use higher order logic, more specifically Church’s type theory (see e.g. [5] for an introduction to the subject).2 It
should be noticed, however, that our primary aim is to supply a framework for
model-checking and not to build a deductive system. Thus we shall introduce
below only suitable languages (via higher order signatures) and a semantics for
such languages - such semantics can be specified e.g. inside any classical foundational system for set theory. In addition, as typical for model-checking, we want
to constrain our semantics so that certain sorts have a fixed meaning: the primitive sort Z has to be interpreted as the (standard) set of integers, the sort Ω has
to be interpreted as the set of truth values {tt, ff}; moreover, some primitive
sorted operations like +, 0, S (addition, zero, successor for natural numbers) and
∧, ∨, →, ¬ (Boolean operations for truth values) must have their natural interpretation. Some sorts might be enumerated, i.e. they must be interpreted as a
specific finite ‘set of values’ {a0 , . . . , ak }, where the ai ’s are mentioned among the
constants of the language and are assumed to be distinct. Finally, we may ask for
a primitive sort to be interpreted as a finite set (by abuse, we shall call such sorts
finite): for instance, we shall constrain in this way the sort Proc modeling the
set of processes in a distributed system. In addition, if a sort is interpreted into
a finite set, we may constrain some numerical parameter (usually, the parameter
we choose for this is named N) to indicate the cardinality of such finite set. The
notion of constrained signature below incorporates all the above requirements in
a general framework.
A constrained signature Σ consists of a set of (primitive) sorts and of a set of
(primitive) sorted function symbols,3 together with a class CΣ of Σ-structures,
called the models of Σ.4 Using primitive sorts, types can be built up using ex1
Quantifier elimination required in the benchmarls analyzed in [15] is in fact essentially confined to the BAPA-fragment known since [26].
2
Some notation we use might look slightly non-standard; it is similar to the notation
of [27].
3
These include 0-ary function symbols, called constants; constants of sort Z will be
called (arithmetic) parameters.
4
In the standard model-checking literature, CΣ is a singleton; here we must allow
many structures in CΣ , because our model-checking problems are parametric: the sort
modeling the set of processes of our system specifications must be interpreted onto
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ponentiation (= functions type); terms can be built up using variables, function
symbols, as well as λ-abstraction and functional application.
Our constrained signatures always include the sort Ω of truth-values; terms
of type Ω are called formulae (we use greek letters α, β, . . . , φ, ψ, . . . for them).
For a type S, the type S → Ω is indicated as ℘(S) and called the power set of S;
if S is constrained to be interpreted as a finite set, Σ might contain a cardinality
operator ] : ℘(S) −→ Z, whose interpretation is assumed to be the intended
one (]s is the number of the elements of s - as such it is always a nonnegative
number). If φ is a formula and S a type, we use {xS | φ} or just {x | φ} for
λxS φ. We assume to have binary equality predicates for each type; universal
and existential quantifiers for formulæ can be introduced by standard abbreviations (see e.g. [27]). We shall use the roman letters x, y, . . . , i, j, . . . , v, w, . . . for
variables (of course, each variable is suitably typed, but types are left implicit
if confusion does not arise). Bold letters like v (or underlined letters like x) are
used for tuples of free variables; below, we indicate with t(v) the fact that the
term t has free variables included in the list v (whenever this happens, we say
that t is a v-term, or a v-formula if it has type Ω). The result of a simultaneous
substitution of the tuple of variables v by the tuple of (type matching) terms u
in t is denoted by t(u/v) or directly as t(u).
Given a tuple of variables v, a Σ-interpretation of v in a model M ∈ CΣ is a
function I mapping each variable onto an element of the correponding type (as
interpreted in M). The evaluation of a term t(v) according to I is recursively
defined in the standard way and is written as tM,I . A Σ-formula φ(v) is true
under M, I iff it evaluates to tt (in this case, we may also say that vM,I satisfies
φ); φ is valid iff it is true for all models M ∈ CΣ and all interpretations I of v
over M. We write |=Σ φ (or just |= φ) to mean that φ is valid and φ |=Σ ψ (or
just φ |= ψ) to mean that φ → ψ is valid; we say that φ and ψ are Σ-equivalent
(or just equivalent) iff φ ↔ ψ is valid.
2.1

Flat Cardinality Constraints

Let us fix a constrained signature Σ for the remaining part of the paper. Such Σ
should be adequate for modeling parameterized systems, hence we assume that
Σ consists of:
(i) the integer sort Z, together with some parameters (i.e. free individual constants) as well as all operations and predicates of linear arithmetic (namely,
0, 1, +, −, =, <, ≡n );
(ii) the enumerated truth value sort Ω, with the constants tt, ff and the Boolean
operations on them;
a finite set whose cardinality is not a priori fixed. Our definition of a ‘constrained
signature’ is analogous to the definition of a ‘theory’ in SMT literature; in fact, in
SMT literature, a ‘theory’ is just a pair given by a signature and a class of structures.
When transferred to a higher order context, such definition coincides with that of a
‘constrained signature’ above (thus our formal preliminary definitions are very similar
to e.g. that of [29]).
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(iii) a finite sort Proc, whose cardinality is constrained to be equal to the arithmetic parameter N (in the applications, this sort is used to represent the
processes acting in our distributed systems);
(iv) a further sort Data, with appropriate operations, modeling local data; we
assume that (a) first-order quantifier elimination holds for Data, meaning
that all first-order formulæ built up from Data-atoms (i.e. from variables
of type Data using operations and predicates relative to the sort Data) are
equivalent to quantifier-free ones; (b) ground (i.e. variable-free) Data-atoms
are equivalent to ⊥ or to >.
In principle, we could consider having finitely many signatures for data instead
of just one, but this generalization is only apparent because one can use product
sorts and recover component sorts via suitable pairing and projection operations.
If Data is an enumerated sort, we call Σ finitary; the subsignature Σ0 of Σ
obtained by restricting to sorts and operations in (i)-(ii) is called the arithmetic
subsignature of Σ.
In the syntactic definitions below, we freely take inspiration from [3], however
the present framework is greatly simplified because we do not view Proc as a
subsort of Z, like in [3]; in addition, notice that Σ does not contain operations or
relation symbols specific to the sort Proc (apart from equality) - this restriction
reduces terms of sort Proc to just variables.
Below, besides integer variables (namely variables of sort Z), data variables
(namely variables of sort Data) and index variables (namely variables of sort
Proc), we use two other kinds of variables, that we call array-ids and matrix-ids.
An array-id is a variable of type Proc → Data or of type Proc → Z and a matrixid is a variable of type Proc → (Proc → Data) or of type Proc → (Proc → Z).
Array-ids and matrix-ids of codomain sort Z are called arithmetical array-ids
or matrix-ids; if Data is enumerated, array-ids and matrix-ids of codomain sort
Data are called finitary. If M is a matrix-id and i, y are index variables, we may
write Mi (y) or M (i, y) instead of M (i)(y).
Let us now introduce some useful classes of formulæ.

- Open formulæ: these are built up from atomic formulæ containing arithmetic
parameters and the above mentioned variables, using Boolean connectives
only (no binders, i.e. no λ-abstractors and no quantifiers).
- 1-Flat formulæ: these are formulæ of the kind φ(] {x | ψ1 } / z1 , . . . , ] {x |
ψn } / zn ), where φ(z1 , . . . , zn ), ψ1 , . . . , ψn are open and x is a variable of
type Proc.
- Given an index variable i, a formula φ is said to be i-uniform with respect to
a matrix-id M (resp. an array-id a) iff i is not used as a bounded variable in
φ and the only terms occurring in φ containing an occurrence of M (resp. of
a) are of the kind Mi (y) (resp. a(i)) for a variable y.

40

Notice that, some quantified formulæ can be rewritten as 1-flat formulæ: for
instance ∀i (a(i) = c → b(i) = d) is the same as ]{i | a(i) = c → b(i) = d} = N,5
and similarly ∃i (a(i) = c) can be re-written as ]{i | a(i) = c} > 0.
Remark 1. 1-Flat formulæ of this paper are slightly different from the flat formulæ of [3, 4] (they roughly correspond to the flat formulæ of degree 1 of [4]);
the definition here is not recursive and is simplified by the fact that we do not
have nonvariable terms of type Proc; on the other hand, we allow matrix-ids to
occur in our formulæ, whereas the syntax of [3, 4] is restricted to array-ids.

3

Quantifier Elimination

In this technical section we state and prove the quantifier elimination results
we need. Let us fix a constrained signature Σ like in Subsection 2.1. We first
investigate in a closer way our open formulæ. Notice first that if an open formula
is pure (i.e. it does not contain array-ids or matrix-ids), then it is a Boolean
combination of arithmetic, index or data atoms, where:
- arithmetic atoms are built up from variables of sort Z, parameters (i.e free
constants of sort Z), by using =, <, ≡n as predicates and +, −, 0, 1 as function
symbols;
- index atoms are of the kind i = j, where i, j are variables of sort Proc (we
do not consider further operations and predicates for this sort - apart from
equality - in this paper);
- data atoms are built up from variables of sort Data by applying some specific
set of predicates and operations (predicates include equality, all arguments
of such predicates and operations are of type Data).
By assumption (see Subsection 2.1), quantifier elimination holds for first-order
Data-formulæ, but this result extends very easily to all pure first-order formulæ.
We state this formally as a Lemma:
Lemma 1. Any pure first-order formula is equivalent to an open pure first-order
formula.
Proof. Using prenex formula transformations, it is sufficient to show how to
eliminate a quantifier ∃x α, where α is open and pure. Actually, using disjunctive
normal forms, we can assume that α is a conjunction of literals. Pushing the
existential quantifier inside, we can assume that such literals are all arithmetic,
all index or all data literals, depending on the sort of x. The case of arithmetic
literals is covered by Presburger quantifier elimination [28], whereas the case of
data literals is covered by our assumption. It remains to consider the case of index
literals; excluding trivial cases where the existential quantifier is redundant or
eliminable by substitution, we are left with the case where α is x 6= y1 ∧ · · · ∧ x 6=
5
Strictly speaking, this formula is 1-flat only after a bound variable renaming (we
need to rename i to x). We always feel free to apply such α-conversions in the paper.
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yn . By introducing a disjunction of cases (and by distributing the existential
quantifier over such disjunction and removing redundant variables), we reduce
to a disjunction of formulæ of the kind
^
∃x (x 6= y1 ∧ · · · ∧ x 6= yn0 ∧
yi 6= yj )
i6=j

The latter is equivalent to N > n̄0 , where n̄0 is 1 + · · · + 1 (n0 -times).

a

In case array-ids and matrix-ids do not occur, 1-flat formulæ can also be
trivialized:6
Lemma 2. A 1-flat formula without array-ids and matrix-ids is equivalent to a
pure formula.
Proof. Let us eliminate subterms t of the kind ]{x | α} (with pure α) inside a
pure formula φ. We can first remove from α arithmetic and data atoms, as well
as index atoms not containing x, by the following equivalence (let A be the atom
to be removed):
φ ↔ ([A ∧ φ(>/A)] ∨ [¬A ∧ φ(⊥/A)]) .
By Venn regions decomposition, we can assume that α is a conjunction of literals.
In addition, if t is of the kind ]{x | x = i ∧ α}, we can remove it using the
equivalence:
φ ↔ ([α(i/x) ∧ φ(1/t)] ∨ [¬α(i/x) ∧ φ(0/t)]) .
Vn
Thus we are left only with
V the case in which t is ]{x | s=1 x 6= is }; we can also
assume that φ entails s6=s0 is 6= is0 (otherwise we can force this by making φ a
disjunction of case distinctions). Then we can remove t using
φ ↔ (N ≥ n̄ ∧ φ(N − n̄/t)) ∨ (N < n̄ ∧ φ(0/t)) .
Once all t are removed (one by one), the statement is proved.

a

It is now convenient to introduce a notation for open (not necessarily pure)
formulæ (from now on we shall reserve the letters α, β, . . . to first-order pure
formulæ, to evidentiate them). Considering that there are no operation symbols
of sort Proc, the only new terms that might arise in open non pure formulæ
(wrt pure formulæ) are of the kind a(i) or Mi (j), where a is an array-id, M
is a matrix-id and i, j are variables of sort Proc. Thus we may write an open
formula φ as the formula obtained by replacing in a pure formula some arithmetic
variables with terms of the kind a(i) or Mi (j). If our open φ does not contain
matrix-ids, we can write it as
α(z, k, a(k)/e, d) or simply as α(z, k, a(k), d)
6

(1)

If the sort Proc is identified with a definable finite subset of Z, the result still holds
but is much less trivial: to get it, one must apply results from Presburger arithmetic
with counting quantifiers [30].
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where α(z, k, e, d) is pure, z is a tuple of arithmetic variables, k is a tuple of index
variables, d is a tuple of data variables, a is a tuple of array-ids (the e might be
arithmetic or Data-variables depending on the types of the a); if a = a1 , . . . , an
and k = k1 , . . . , km , then a(k) is the tuple
a1 (k1 ), . . . , a1 (km ), . . . , an (k1 ), . . . , an (km )
so that the matching tuple of data variables e must be indexed as e11 , . . . , enm .
A 1-flat formula without matrix-ids is then written as
α(z, k, a(k), d, ]{x | β1 (z, x, k, a(x), a(k), d)}, . . . , ]{x | βs (z, x, k, a(x), a(k), d)})
or (with some abuse of notation) shortly as
α(z, k, a(k), d, ]{x | β(z, x, k, a(x), a(k), d)})

(2)

where β is a tuple of formulæ (we use the convention that ]{x | β} stands
for the tuple of terms ]{x | β1 }, . . . , ]{x | βs }). Displaying 1-flat formulæ with
matrix-ids requires an even more complex notation, that we won’t use though.
These notations are apparently cumbersome but have the merit of displaying
the essential information on how our formulæ are built up from pure formulæ.
We now state a first quantifier elimination result (this is Theorem 4 from [4],
we nevertheless report the proof in an appendix of the extended version [16] of
the present paper):
Theorem 1. Suppose that φ is a 1-flat formula containing the array ids a, a0
(and not containing matrix-ids); then the formula ∃a0 φ is equivalent to a formula
∃e ψ, where the e are arithmetic and data variables, ψ is 1-flat and contains only
the array-ids a.
The following Corollary follows from Theorem 1 and Lemmas 2,1:
Corollary 1. Suppose that φ is a 1-flat formula containing the array ids a (and
not containing matrix-ids); then the formula ∃a φ is equivalent to an open pure
formula.
Notice that the above result (as it happens with all our quantifier elimination
results) immediately implies that 1-flat formulæ not containing matrix-ids are
decidable for satisfiability. If the sort Data is enumerated and all array-ids are
finitary, we can improve Corollary 1 above by including an extra quantified
variable (this is useful for benchmarks, see the Appendix of [16] for an example):
Theorem 2. Let the sort Data be enumerated and let the 1-flat formula φ contain only the finitary array ids a (and no matrix-ids); then the formula
∃a ∀i ∃y φ

(3)

(where i is an index variable and the y are arithmetic and data variables) is
equivalent to an open pure formula.
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Proof. Let Data be enumerated as {a0 , . . . , ak }; let z be the arithmetic variables
occurring freely in (3) and let k = k1 , . . . , kn be the index variables occurring
freely in (3) (thus i is not among the k and the y are not among the z). We can
assume that the y are arithmetic variables because, since Data is enumerated,
existential data variables can be elimitated via disjunctions. For simplicity, we
assume that (3) contains only one array-id, let it be a.7
Before working on the formula (3), it is better to make some preprocessing
steps. Our final outcome will be that of producing a disjunction of existentially
quantified pure formulæ logically equivalent to (3): in fact, we introduce extra
existentially quantified variables to be eliminated in the very end using Lemma 1.
We need also to introduce extra information to complete (3): this extra information is achieved by rewriting (3) as a disjunction (each disjunct formalizes a
suitable guess) and by operating on each disjunct separately.
Concretely, we shall freely assume that ∀i ∃y φ in (3) is of the kind
^
^
Diff(k) ∧
(a(ki ) = ali ) ∧ (uj = ]{x | a(x) = aj }) ∧
i
j
(4)
0
∧ ∀i ∃y φ (z, y, i, k, a(i), ]{x | β(z, y, x, i, k, a(x), a(i))})
where
V
• the formula Diff(k) says that the k are pairwise distinct (i.e. it is i6=j ki 6=
kj ): this can be assumed without loss of generality, because one can guess a
partition (introducing a disjunction over all partitions) and make the appropriate replacements so as to keep only one representative for each equivalence
class of variables;
• since Data is enumerated we can guess (via a disjunction) for each ki the ali
which is the value of a(ki ) (then, all occurrences of the term in the remaining
part of the formula can be replaced by this ali );
• the uj are fresh arithmetic variables indicating the cardinality of the set of
indices whose a-value is aj (these uj are the extra existentially quantified
variables to be eliminated in the very end by Lemma 1);
• β are open formulæ as displayed and φ0 is a 1-flat formula as displayed (notice
that the terms a(ki ) do not occur anymore here, because we can assume that
they have been replaced by the corresponding ali ).
We now operate further transformations on the subformula ∀i ∃y φ0 : we want
to show that this formula is equivalent to a 1-flat formula (hence without the
quantifier ∀i), so that the claim of the Theorem follows from an application
of Corollary 1 and Lemma 1 - by these results in fact all quantified variables
in (3) can be eliminated in favor of a pure open formula in which only the k, z
occur. When manipulating ∀i ∃y φ0 below, we assume all the information we have
from (4), namely that the k are all distinct and that the values of the a(ki ) are
known.
7

This is without loss of generality: since Data is enumerated and the a are finitary,
one may take a product of Data and replace the tuple a with a single array with values
in such a product.
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As a first step, we can distinguish the case in which i is equal to some of the
k from the case in which it is different from all of them; in the latter case, we
can also guess the value of a(i). This observation shows that ∀i φ0 is equal to the
conjunction of an open formula (expressing what happens if i is equal to any of
the k) with the conjunctions (varying aj in our enumerated data)
∀i. Diff(i, k) ∧ a(i) = aj → ∃y φ00 (z, y, i, k, ]{x | β 0 (z, y, x, i, k, a(x))})

(5)

where the φ00 , β 0 are obtained from the φ0 , β by replacing a(i) with aj . Again, it
will be sufficient to show that (5) is equivalent to an open formula.
First observe that φ00 is obtained from a pure formula by replacing arithmetic
variables with the terms ]{x | β 0 (z, y, x, i, k, a(x))}; since equality is the only
predicate of sort Proc (and there are no function symbols of sort Proc), the
only atoms of sort Proc that might occur in a pure formula are of the kind
i = ks , ks = ks0 for some s 6= s0 , but these can all be replaced by ⊥ because we
have Diff(i, k) in the antecedent of the implication of (5). As a consequence φ00
can be displayed as φ00 (z, y, ]{x | β 0 (z, x, i, k, a(x))}).
A similar observation applies also to the β 0 , however here we must take into
consideration also atoms of the kind x = i, x = ks . Thus, the β 0 are built up
using Boolean conectives from atoms of the kind x = i, x = ks , from arithmetic
atoms A(z, y) and from Data-atoms that might contain the term a(x). We can
disregard arithmetic atoms, because for each such atom A(z, y) we may rewrite
φ00 as
[A(z, y)∧φ00 (z, y, ]{x | β 0 (>/A)})] ∨ [¬A(z, y)∧φ00 (z, y, ]{x | β 0 (⊥/A)})] . (6)
Thus the β 0 can be displayed as β 0 (x, i, k, a(x)).
When x = i or x = ks (for some s) the β 0 can be simplified to > or ⊥
because we know the values of a(i), a(ks ) (and as a consequence the numbers
]{x | x = i ∧ β 0 }, ]{x | x = ks ∧ β 0 } are 0/1-tuples). In conclusion we have
that, for some tuple of numbers m8 that can be computed, we have that (5) is
equivalent to
∀i. Diff(i, k) ∧ a(i) = aj → ∃y φ00 (z, y, m̄ + ]{x | Diff(x, i, k) ∧ β 00 (a(x))}) (7)
where β 00 is obtained from β 0 by replacing the atoms x = i, x = ks with ⊥.
Fix now some βs00 from the tuple β 00 ; for every enumerated data ak , each of the
formulæ βs00 (ak ) simplify to either > or ⊥ and, since we know that uk = ]{x |
a(x) = ak } from (4), we can deduce that ]{x | Diff(x, i, k) ∧ a(x) = ak ∧ βs00 (ak )}
is equal to either 0 (in case βs00 (ak ) simplifies to ⊥) or to uk − nk , where nk is
the number of the k, i for which we know that a(k), a(i)
P is equal to ak . As a
consequence ]{x | Diff(x, i, k) ∧ β 00 (a(x))} is equal to k (uk − nk ) (where the
sum extends to all k such that βs00 (ak ) simplifies to >).
8
This tuple depends on j, i.e. on the aj used in the antecedent of (5) (we do not
indicate this dependency for simplicity).
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All this can be summarized by saying that we can rewrite (7) as
∀i. Diff(i, k) ∧ a(i) = aj → ∃y θj (y, z, u)

(8)

where the formulæ θj are pure (the tuple u is the tuple of the uj from (4)). By
Presburger quantifier elimination, we can drop the ∃y, thus getting
∀i. Diff(i, k) ∧ a(i) = aj → θj0 (z, u)

(9)

Since now θj0 does not contain occurrences of i, we can rewrite this as
∃i (Diff(i, k) ∧ a(i) = aj ) → θj0 (z, u)

(10)

]{x | Diff(x, k) ∧ a(x) = aj } > 0 → θj0 (z, u)

(11)

and finally as

This is a 1-flat formula. To sum up, our original formula (3) is equivalent to a
formula of the kind ∃a ∃u ϑ, where ϑ is 1-flat. Then (after swapping the quantifiers ∃a ∃u) we can first use Theorem 1 to remove ∃a and then Lemma 1 to
produce an equivalent pure open formula (involving just the arithmetic variables
z and the index variables k).
a
In case we have uniformity, we can further extend the above result to cover
formulæ in which arithmetic array-ids and matrix-ids occur (see again the Appendix of [16] for an example of the use of this result):
Theorem 3. Let the sort Data be enumerated and let i be an index variable;
suppose that all matrix-ids M occurring in the 1-flat formula φ are i-uniform
and that all array-ids a occurring in φ are either finitary or i-uniform. Then the
formula
∃a ∃M ∀i ∃y φ
(12)
(where the y are arithmetic and data variables) is equivalent to an open pure
formula.
Proof. The first step is to remove ∃M for each M ∈ M, using uniformity. In fact,
by uniformity, M occurs in φ only inside terms of the kind Mi (y) (for some index
variable y); thus, using choice axiom (in the form of an anti-skolemization), we
can rewrite (12) as
∃a ∀i ∃b ∃y φ(· · · b/Mi · · · )
(13)
and then we can swap the existential quantifiers ∃b∃y and apply Theorem 1, thus
obtaining a formula of the kind ∃a ∀i ∃y ∃e ψ where the e are further arithmetic
or data variables, ψ is 1-flat and contains only the array-id a. Let us now split
the a as a0 , a00 , where the a00 are i-uniform and the a0 are finitary. We can apply
the same anti-skolemization argument to the a00 and rewrite ∃a0 a00 ∀i ∃y ∃e ψ as
∃a0 ∀i ∃z ∃y ∃e ψ(z/a00 (i)), where the z are fresh arithmetic variables replacing
the terms a00 (i) in ψ. Now Theorem 2 can be used to eliminate the a0 .
a
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4

System Specifications and Arithmetic Projections

We now go to verification applications. We summarize the essential machinery
for making quantifier elimination to apply (for more information, see [15]).
Definition 1. A system specification S is a tuple
S = (Σ, v, Φ, ι, τ )

(14)

where (i) Σ is a constrained signature, (ii) v is a tuple of variables, (iii) Φ, ι are
v-formulæ, (iv) τ is a (v, v0 )-formula (here the v0 are renamed copies of the v)
such that
ι(v) |=Σ Φ(v),
Φ(v) ∧ τ (v, v0 ) |=Σ Φ(v0 ) .
(15)
In the above definition, the v are meant to be the variables specifying the
system status, ι is meant to describe initial states and τ is meant to describe
the transition relation. The v-formula Φ, as it is evident from (15), describes an
invariant of the system (known to the user). Invariants are quite useful - and
often essential - in concrete verification tasks, that’s why we included them in
Definition 1.
A safety problem for a system specification S like above is a v-formula υ(v);
the system is safe with respect to υ iff there is no n ≥ 0 such that the formula
ι(v0 ) ∧ τ (v0 , v1 ) ∧ · · · ∧ τ (vn−1 , vn ) ∧ υ(vn )
is satisfiable.
Directly attacking safety problems for a system like (14) might be a too
difficult task, that’s why it is useful to replace it with a simpler system: in our
applications, we shall try to replace S by some S 0 whose variables are all integer
variables. To this aim, we ‘project’ S onto a subsystem S 0 , i.e. onto a system
comprising only some of the variables of S. In order to give a precise definition of
what we have in mind, we must first consider subsignatures: here a subsignature
Σ0 of Σ is a signature obtained from Σ by dropping some symbols of Σ and
taking as Σ0 -models the class CΣ0 of the restrictions M|Σ0 to the Σ0 -symbols
of the structures M ∈ CΣ . The following proposition is immediate:
Proposition 1. Let S0 = (Σ0 , v0 , Φ0 , ι0 , τ0 ) and S = (Σ, v, Φ, ι, τ ) be system
specifications, with respective safety problems υ(v0 ) and υ(v). Suppose that Σ0
is a subsignature of Σ and let v = v0 , v1 ; suppose also that the following hold:
(i)
(ii)
(iii)
(iv)

|=Σ Φ0 (v0 ) ↔ ∃v1 Φ(v0 , v1 );
|=Σ ι0 (v0 ) ↔ ∃v1 ι(v0 , v1 );
|=Σ τ0 (v0 , v00 ) ↔ ∃v1 ∃v10 (Φ(v0 , v1 ) ∧ τ (v0 , v1 , v00 , v10 ));
|=Σ υ0 (v0 ) ↔ ∃v1 υ(v0 , v1 ).

Then if S0 is safe with respect to υ0 , so it is S with respect to υ.9

9
Notice that only the right-to-left implications of (i)-(iv) are needed for the proposition to hold; however, if we have also the left-to-right implications, the system specification S0 is better, in a sense that can be specified formally [15] (intuitively, the
system specification S0 would be the best approximation of S that we can make using
only the variables v0 ).
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The system specification S0 satisfying the above condition (i)-(iii) with respect to S is called the (Σ0 , v0 )-projection of S; if Σ0 is the arithmetical subsignature of Σ and v0 are all the arithmetic variables of S, S0 is called the
arithmetic projection of S.
Theorem 4. If Φ, ι, τ do not contain matrix-ids and are of the kind ∃k1 · · · ∃kn φ
for a 1-flat formula φ and for index variables k1 , . . . , kn , then S = (Σ, v, Φ, ι, τ )
has an (effectively computable) arithmetic projection.
Proof. Let v be z, a, where the z are arithmetic variables and the a are array
variables; we also abbreviate k1 , . . . , kn as k. We need to show that a formula of
the kind
∃a ∃k α(z, k, a(k), ]{x | β(z, x, k, a(x), a(k))})
(16)
is equivalent to a pure arithmetic formula.10 But this is indeed the case: just
swap the existential quantifiers and apply Corollary 1 and Lemma 1. The result
follows because there are no ground index atoms and all ground data atoms are
equivalent to > or to ⊥, according to our assumptions from Subsection 2.1.
Next result concerns specifications using matrix-ids in a finitary signature.
Theorem 5. Let the sort Data be enumerated and let Φ, ι, τ be disjunctions of
formulæ of the kind
(17)
∃k ∀i ∃y φ
where φ is 1-flat, k are index variables, y are arithmetic and data variables and
i is an index variable such that all matrix variables and all non-finitary array
variables from v are i-uniform in φ; then S = (Σ, v, Φ, ι, τ ) has an (effectively
computable) arithmetic projection.
Proof. Similar to the proof of Theorem 4, using Theorem 3 instead of Corollary 1.
To sum up, given a system specification S = (Σ, v, Φ, ι, τ ) and a safety
problem υ(v), if the formulae Φ, ι, τ, υ satisfy suitable syntactic restrictions so
that our quantifier elimination results apply, we can compute the arithmetic
projection S0 of S and try to show that S0 is safe with respect to υ0 (v0 ) (the
latter is the formula obtained in its turn by eliminating the higher order variables
from υ(v)).11 Thus a model ckecking problem formulated in higher order logic
can be solved via a model checking problem for counter systems (i.e. for system
specifications in a purely arithmetic signature). The literature on distributed
systems confirms that this is a viable approach: since long time it has been
observed that counter systems [10,11,13] can be sufficient to specify problems like
cache coherence or broadcast protocols. Recently, counter abstractions have been
10
In view of condition (iii) of Proposition 1, we need also the observation that
formulæ like (16) are closed under conjunctions.
11
A more sophisticated strategy would preprocess the system specification S by
artificially adding to it some extra integer variables counting certain definable sets (see
the Appendix of [16] for an example on how this works).
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effectively used also in the verification of fault-tolerant distributed algorithms [2,
22–24].
It should be noticed that safety problems for counter systems are themselves
undecidable, however the sophisticated machinery (predicate abstraction [14],
IC3 [8, 20], etc.) developed inside the SMT community lead to impressively performing tools like µZ [21], nuXmv [7], SeaHorn [19], . . . which are nowadays
being successfully used to solve many verification problems regarding counter
systems.
Arithmetic projections obtained by our methods are far from trivial: the
reader may realize this by looking at the detailed analysis of a classical benchmark in the Appendix of [16] (more examples are described in [15]). In all such
cases, the resulting safety model-checking problems for the arithmetic projections are solved instantaneously by µZ (the SMT-HORN module of z3).

5

Conclusions

We have investigated quantifier elimination results for fragments of higher
order logic suggested by verification applications in the distributed algorithms
area. We have shown how to apply such results in order to automatically produce
arithmetic projections that can be effectively handled by state-of-the-art SMTbased model checkers. Similar applications can be devised for forward/backward
model checking, along the lines sketched in [4]. We won’t discuss and compare
our approach here with the different approaches from the literature, the reader
is referred to the final section of [15] for some information in this sense. We only
point out that the main merit of the approach we propose is that of being purely
declarative: our starting point is the informal description of the algorithms (e.g.
in some pseudo-code) and our first step is a direct translation into a standard
logical formalism (typically, classical Church type theory), without relying for
instance on ad hoc automata devices or on ad hoc specification formalisms. We
believe that this choice can ensure flexibility and portability of our methods.
A potentially weak point to be taken care is the complexity of the algorithms
we employ: in fact, the procedure for quantifier elimination used in the proof of
Theorems 1, 2, 3 produces super-exponential blow-ups of the size of the formulæ
it is applied to. Notice however that, when building a counters simulation of a
concrete algorithm, such a heavy procedure is applied to each instruction (or
to each block of instructions) separately, i.e. not to the whole code. Moreover,
it is not difficult to realize (going through the details for our benchmarks) that
it is hardly the case that the quantifier elimination procedure is applied in its
full generality: in fact, it is always applied to easier fragments, where complexity
reduces (recall for instance the content of footnote 1). The same observation
applies also to the instances of the Presburger quantifier elimination procedure
that are invoked in our manipulations: usually, they are confined to difference
logic formulæ or to formulæ where quantifiers can be eliminated by simple instantiations. The identification of such shortcuts and the study of the related
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complexities is important for future work and preliminary to any substantial
implementation effort.
Another delicate point is related to the syntactic limitations we require on
the formulæ describing system specifications (see the statements of Theorems 4
and 5): such syntactic limitations are needed to ensure higher order quantifier
elimination. Although it seems that a significant amount of benchmarks are
captured despite such limitations, it is essential to develop techniques applicable in more general cases. To this aim, we observe that just overapproximations
are needed to build simulations and that, even if the best simulation may not
exist, still practically useful simulations might be produced. In fact, quantifier
elimination is just an extreme solution to symbol elimination problems. Symbol
elimination and interpolation are a well-known technique to build invariants,
abstractions and overapproximations, and for this reason their investigation has
deserved considerable attention in the automated reasoning literature [25]; extensions to higher-order fragments might be useful in our context too.
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Abstract. We investigate how minimal subsumption modules can be extracted using methods for uniform interpolation and forgetting. Given an
ontology and a signature of concept and role names, a subsumption module is a subset of the ontology that preserves all logical entailments that
can be expressed in the description logic of the ontology using only terms
in the specified signature. As such, they are useful for ontology reuse and
ontology analysis. While there exists a range of methods for computing
or approximating minimal modules for a range of module types, we are
not aware of a practical, implemented method for computing minimal
subsumption modules in description logics beyond ELH. In this paper,
we present a method that uses uniform interpolation/forgetting to compute subsumption modules in ALCH, and which under certain conditions guarantees minimality of the extracted modules. As a side product, our method computes a so-called LK subsumption module, which
over-approximates the union of all minimal subsumption modules, and
as such may already have applications of its own. We further present an
initial evaluation of this method on a varied corpus of ontologies.

1

Introduction

Description Logics [1] (DLs) are a well-investigated family of logics that are
commonly used to describe terminological knowledge in form of ontologies. Applications in areas such as medicine, biology and the semantic web have lead to
the development of very large ontologies that, with growing size, become harder
to understand and maintain. Due to the complexity of existing ontologies, there
are areas where it is useful to extract a subset of the ontology, a so-called module,
based on a set of terms of interest. For example, when developing a new ontology
for a specialised application, one may want to reuse knowledge from an existing
ontology. If this ontology covers a large domain of concepts, not all information
in it will be relevant for the application at hand, so that it makes sense to first
extract a module of the ontology that is sufficient for the application. Secondly,
for maintaining an existing ontology it may be important for an ontology engineer to understand which axioms in the ontology are responsible for which of
its logical entailments. Modules give the engineer an overview on the axioms of
Copyright c 2017 by the paper’s authors
In: P. Koopmann, S. Rudolph, R. Schmidt, C. Wernhard (eds.): SOQE 2017 – Proceedings of the Workshop on Second-Order Quantifier Elimination and Related Topics,
Dresden, Germany, December 6–8, 2017, published at http://ceur-ws.org.
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the ontology that contribute to any entailment over a selected set of terms. This
allows him to browse the ontology in a more directed manner guided by the
terms he is interested in. In the mentioned applications, it is usually desirable
to extract a module that is optimal in some sense, for example minimal w.r.t.
set inclusion.
There are a range of different notions and properties for modules that have
been defined in the literature, and correspondingly a range of methods for module extraction have been developed [2,8]. For some of those notions, such as
semantic modules, deciding whether a subset of the ontology is a module that is
minimal w.r.t. set inclusion is undecidable already for ontologies formulated in
the lightweight DL EL [13]. In this paper, however, we consider a notion for which
computing a minimal module is decidable. More precisely, we are interested in
computing minimal subsumption modules, which are modules that preserve all
logical entailments in the form of concept inclusions over the specified signature of terms.While a method for computing minimal subsumption modules in
acyclic EL ontologies has been presented in [4], in this paper we focus on the
more expressive DL ALCH. Already for ALC ontologies, deciding whether a
subset of the ontology is a subsumption module, is known to be 2ExpTimecomplete [6], but we are not aware of a practical implementation for extracting
minimal subsumption modules in DLs that are more expressive than ELH [3].
The core idea of our method is to use uniform interpolation [22] to compute
a finite representation of the entailments the module has to preserve, together
with techniques from axiom-pinpointing [28]. The method can compute small
subsumption modules of ALCH-ontologies for signatures that contain all role
symbols, which under certain conditions guarantees minimality of the computed
modules. As a side-product, the method computes a lean kernel (LK) subsumption module, an over-approximation of all minimal subsumption modules, which,
as our evaluation indicates, is computationally cheaper to compute and usually
not much larger than the minimal subsumption module. Moreover, we believe LK
subsumption modules may have applications on its own: if subsumption modules are used by ontology engineers to investigate information with respect to
certain signatures, it might be useful to have an overview of all the axioms that
contribute to this information: this overview is provided, if over-approximated,
by the LK subsumption module.
Our method only supports signatures that contain all role names, while arbitrary signatures are left for future work. Modules for this type of signatures have
a property that makes them especially useful for ontology reuse. Specifically, as
we show, modules for signatures that include all role names provide for a weak
form of robustness under replacement [12].
The paper is structured as follows. We first recall related work on module
extraction and uniform interpolation in Section 2, and give the preliminaries on
ALCH, subsumption modules and uniform interpolation in Section 3. We then
describe our core algorithm for computing subsumption modules based on axiom
pin-pointing in Section 4. A central idea for reducing the number of entailment
checks is to use a technique to quickly compute uniform interpolants for differ-
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ent subsets of the input ontology, for which we compute an annotated uniform
interpolant defined in Section 5. As a by-product, the annotated uniform interpolant encodes an upper approximation of the minimal subsumption module,
which indeed over-approximates all minimal subsumption modules. We call this
module lean kernel subsumption module, as they are similar to lean kernels in
axiom pinpointing, which we discuss in more detail in Section 6. Finally, we give
results from an initial evaluation in Section 7 and conclude with a discussion in
Section 8.

2

Related Work

There is a range of types and properties of modules that have been investigated
in the literature, surveys of which can be found in [12] and [2]. Usually, modules are computed on the basis of an ontology and a signature Σ, i.e. a set of
concept and role names, and preserve certain properties of the ontology with respect to that signature Σ. Examples include semantic modules, which preserve
all models of the ontology when restricted to Σ [13] and subsumption modules,
which preserve all logical entailments in the form of concept inclusions over Σ
that can be expressed in the description logic under consideration [4,3]. Apart
from minimality under set inclusion, additional properties have been considered
such as self-containedness (the module is also a module with respect to its own
signature) and depletedness (the remaining ontology only entails tautologies in
the specified signature, i.e. all relevant information is in the module). Deciding
whether a subset of the ontology is a semantic module for a signature is undecidable already for EL-ontologies [13], and consequently minimal (depleting,
self-contained) semantic modules can only be approximated in practice. For EL
and ALCI, an exception are modules of acyclic ontologies and for signatures
that contain only concept names, for which methods to extract depleting modules have been implemented in the tool MEX [13]. A well-known approximation
of semantic modules are locality-based modules, of which syntactical variants,
such as >⊥∗-modules, can be computed very cheaply [8,14]. However, localitybased modules may still contain a large portion of the original ontology [27].
A more refined technique for extracting semantic modules is presented in [5],
which computes lower and upper approximations of minimal depleting modules in ALCQI using QBF-reasoning. Depending on the application, modules
that only preserve entailments in a certain query-language may be sufficient.
A method that approximates minimal modules taylored towards specific query
languages uses datalog reasoning and has been presented in [26].
For computing minimal subsumption modules of ELH-terminologies, a method
has been presented in [3]. An alternative approach is presented in [4], which uses
a black-box search algorithm that detects axioms that can be safely removed
without causing a logical difference, i.e. a difference in the set of entailed concept inclusions over the selected signature. For computing logical differences, the
authors use the tool CEX [11], whose latest version supports the computation
of logical differences between ELHr -ontologies [21]. However, in principle, the
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same algorithm could be used for ontologies formulated in any logic for which a
tool for computing logical differences exists. We tried this for ALCH ontologies,
deploying the tool Lethe [17] that allows for computing logical differences in
ALCH for arbitrary signatures, provided a uniform interpolant exists for them.
However, we found that this approach is too computationally expensive in practice.
A notion strongly related to that of subsumption modules is that of uniform
interpolants, which are also computed as part of our method. Both subsumption
modules and uniform interpolants preserve all logical entailments in the specified signature that can be expressed in the respective description logic. However,
while subsumption modules are subsets of the input ontology, uniform interpolants are themselves completely formulated in the specified signature, and
may therefore contain axioms that do not occur in the original ontology. In fact,
in the worst case, already for the description logics EL and ALC, the uniform
interpolant may have a size that is triple exponential in the size of the input
ontology [23,22]. Despite this discouraging theoretical result, various practical
methods for computing uniform interpolants in expressive description logics have
been developed [20,16,18,31]. In fact, it turns out that in practice, uniform interpolants are often of moderate size.

3

Preliminaries

We recall the description logic ALCH [1], as well as the notions of subsumption
modules and uniform interpolants.
Let Nc and Nr be two disjoint, countably infinite, sets of respectively concept
names and role names. A signature Σ ⊆ Nc ∪ Nr is a finite set of concept names
and role names.
The set of concepts C, D, TBox axioms α and RBox axioms β the set of
ALCH-inclusions α are built according to the following grammar rules:
C ::= > | ⊥ | A | ¬C | C u C | C t C | ∃r.C | ∀r.C
α ::= C v C | C ≡ C
β ::= r v s | r ≡ s

where A ∈ Nc and r ∈ Nr . A TBox is a finite set of TBox axioms, an RBox a
finite set of RBox axioms, and an ontology is the union of a TBox and RBox.
The semantics of ALCH is defined using interpretations I = (∆I , ·I ), where
the domain ∆I is a non-empty set, and ·I is a function assigning each concept
name A to a subset AI of ∆I and every role name r to a binary relation rI
over ∆I . Then ·I is inductively extended to complex concepts by: (>)I := ∆I ,
(⊥)I := ∅, (¬C)I := ∆I \C I , (C u D)I := C I ∩ DI , (C t D)I := C I ∪ DI ,
(∃r.C)I := {x ∈ ∆I | ∃y ∈ C I : (x, y) ∈ rI }, and (∀r.C)I := {x ∈ ∆I |
∀(x, y) ∈ rI : y ∈ C I }.
An interpretation I satisfies a TBox axiom C v D (C ≡ D) iff C I ⊆ DI
(C I = DI ). It satisfies an RBox axiom r v s (r v s) iff rI ⊆ sI (rI = sI ).
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We write I |= α if I satisfies the axiom α. An interpretation I is a model of an
ontology O if I satisfies all axioms in O. An axiom α is entailed by O, written
O |= α, if for all models I of O, we have that I |= α.
A signature is a (countable but possibly infinite) set Σ ⊆ Nr ∪ Nc of concept
and role names. Given a concept/axiom/ontology α, we denote by sig(α) the set
of concept and role names occuring in α.
Definition 1 (Σ-Inseparability, Subsumption Module, Uniform Interpolant.). Let O1 and O2 be two ALCH-ontologies, and let Σ be a signature.
Then O1 and O2 are Σ-inseparable, denoted as O1 ≡Σ O2 , iff for every axiom
α s.t. sig(α) ⊆ Σ, we have O1 |= α iff O2 |= α.
A Σ-subsumption module of O is an ontology M s.t. O ≡Σ M and M ⊆ O.
M is minimal iff there exists no Σ-subsumption module M0 of O s.t. M0 ( M.
A uniform interpolant of O for Σ is an ontology OΣ s.t. O ≡Σ OΣ and
sig(OΣ ) ⊆ Σ.

4

Minimal Subsumption Modules as Justifications

A related problem to minimal subsumption module extraction is that of computing justifications [28]. Given an ontology O and an axiom α that is entailed
by O, a justification for α in O is a subset J of O s.t. J is minimal w.r.t. (
and J |= α. We can generalise this notion to justifications of ontologies O0 by
asking for minimal subsets J ⊆ O s.t. J |= O0 . One easily sees that every minimal subsumption module is a justification of a uniform interpolant: for a given
ontology O and signature Σ, a uniform interpolant OΣ captures all entailments
of O that are in Σ, and therefore, any subset of O that entails OΣ entails all
axioms that are in Σ. Therefore, one possible approach for computing minimal
subsumption modules is to first compute a uniform interpolant, and then compute a justification for it using any DL reasoner that supports this. As there are
implemented systems for both for uniform interpolation (e.g. [20,17,31]), and for
computing justifications (reasoners such as HermiT [7], JFact [30] and Pellet [29]
support this directly via the OWL API [9]), it seems that such a method could
be implemented without much effort.
However, there are two short-comings of this approach. First, it is well-known
that uniform interpolants do not always exists for any pair of ontology and signature. For this reason, existing methods for uniform interpolation either only
compute approximations of the uniform interpolant, or they compute a uniform
interpolant in an extended language that uses greatest fixpoint operators. Unfortunately, we are not aware of any reasoner that supports fixpoint operators,
so that the method can only be applied for ontology-signature pairs for which
there exist a uniform interpolant without fixpoint operators. Secondly, in first
experiments of this idea we quickly found out that reasoners such as HermiT,
Pellet and JFact struggle with the computation of justifications for large entailments such as uniform interpolants. While in this paper, we offer no general
solution for the case in which there is no uniform interpolant without fixpoints,
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to overcome the more practical problem of computing justifications for uniform
interpolants without fixpoint operators, we developed a more refined approach
based on ideas for computing justifications.
Given an ontology O1 and a set of entailed axioms O2 , such as a uniform
interpolant, we can compute a justification for O2 in O1 using the following
algorithm A1.
1. Input: ontology O1 , entailed set of axioms O2
2. For each α ∈ O1 :
(a) Set O10 = O1 \ {α}
(b) If O10 |= O2 , set O1 = O10
3. Return O1
If in Step 2b), we test entailment of O2 by checking one axiom after the other,
this algorithm has to perform a quadratic number of entailment tests, namely
one for each pair (α, β) of axioms α ∈ O1 and β ∈ O2 . However, if O1 and O2
overlap syntactically, this number of tests can be reduced, as we do not need
to call a reasoner for axioms that are already in O1 . Unfortunately, if O2 is a
uniform interpolant of O1 for Σ, it only contains axioms in Σ, and is therefore
unlikely to syntactically overlap with O1 , especially if Σ is significantly smaller
than the signature of O1 . To overcome this problem, we propose the following
algorithm A2, which checks for entailment of the uniform interpolant by another
uniform interpolant.
Input: Ontology O, signature Σ
Initialise Om to the >⊥∗-module of O for Σ
Compute the uniform interpolant OΣ of Om for Σ
For each β ∈ Om :
(a) Compute the uniform interpolant O2Σ of Om \ {β} for Σ
(b) Set Od = OΣ \ O2Σ
(c) If O2Σ |= Od , set Om = Om \ {β}
5. Return Om

1.
2.
3.
4.

Of course, the improvement of this method relies on the shape of the uniform
interpolants we compute: in general, OΣ and O2Σ may not overlap at all, so that
Od may have the same size as OΣ . However, as our experiments confirmed,
if the uniform interpolants are computed wisely, in the algorithm above Od is
usually significantly smaller than O2Σ , and in fact often contains only a single
axiom. Therefore, the algorithm is expected to require a much smaller number
of entailment checks than A1. However, we now need to compute a uniform
interpolant in every iteration, which usually is a much more expensive operation
than testing for entailment of axioms. Luckily, as it turns out, for signatures Σ
s.t. Nr ⊆ Σ, we can compute the required uniform interpolants very efficiently
if we compute an annotated uniform interpolant first, from which all required
uniform interpolants can then be obtained by simple replacement operations.
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5

Annotated Uniform Interpolants

In the following, for simplicity, let O be the input ontology of our method. Let
Na ⊆ Nc be a special set of concept names called annotation concepts, which
we assume to be disjoint from the signature of O, and let A : O → Nc be
a bijective function that maps each axiom in O to an annotation concept. To
improve readability, we write A(α) as Aα .
Note that in ALCH, every TBox axiom is equivalent to a set of TBox axioms
of the form C v D. Given a TBox axiom α, we denote by gci(α) the set of GCIs
that is equivalent to α.
Definition 2. Given an axiom α, the annotation αa of α is defined as
{C v D t Aα | C v D ∈ gci(α)}.
Given an ontology O, the annotation Oa of O is the union of all annotations
of axioms in O. Given a signature Σ, a annotated uniform interpolant of O
for Σ is a uniform interpolant OaΣ of the annotation of O for the signature
Σ ∪ {Aα | α ∈ O}.
Note that the annotation Oa of an ontology O is usually not a conservative
extension. Specifically, Oa 6|= C v D may not hold even for C v D ∈ O, due
to the added disjuncts. Instead, all non-tautological entailments now involve
annotation concepts that refer to the axioms that have been used to infer the
axiom.
The idea of the annotation concepts is to track which axioms contributed
to computing a uniform interpolant. This way, we can easily obtain a uniform
interpolant of any subset of the original ontology. Specifically, given an annotated uniform interpolant of O for Σ, where Nr ⊆ Σ, we can obtain uniform
interpolants for Σ of any subset O0 of O as follows: we replace every annotation
concept Aα s.t. α ∈ O0 by ⊥, and every remaining annotation concept by >.
Example 1. Consider the following ontology O.
∃r.> v A t B

A ≡ ∃r.B

The following ontology is a uniform interpolant of O for Σ = {A, r}.
A v ∃r.>

∃r.(∃r.> u ¬A) v A

To track which axioms contributed to the uniform interpolant, we compute
the annotated uniform interpolant. For this, we first compute the annotation
of O, which is the following.
∃r.> v A t B t A∃r.>vAtB
A v ∃r.B t AA≡∃r.B

∃r.B v A t AA≡∃r.B
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By interpolating the annotation of O, we obtain the following annotated uniform
interpolant of O for Σ.
A v ∃r.> t AA≡∃r.B

∃r.(∃r.> u ¬A u ¬A∃r.>vAtB ) v A t AA≡∃r.B

The annotation concepts mark which parts of the uniform interpolant where
influenced by which axiom. If we replace every annotation concept by ⊥, we
obtain a uniform interpolant of O again. If instead, we replace AA≡∃r.B by ⊥
and A∃r.>vAtB by >, we obtain the following uniform interpolant of A ≡ ∃r.B:
A v ∃r.> t ⊥

∃r.(∃r.> u ¬A u ¬>) v A t ⊥,

which can be simplified to {A v ∃r.>}, as the second axiom is tautological. In
a same way, we obtain that a uniform interpolant of ∃r.> v A t B is {⊥ v >}.
This technique however only works for signatures that contain all role symbols of the original ontology. The following lemma, which can be shown by
inspection of the uniform interpolation method presented in [15], provides the
central property of uniform interpolants which make our technique possible.
Lemma 1. Let O be an ontology and Σ a signature s.t. Nr ⊆ Σ. Let O1 ⊆ O be
such that sig(O1 ) = Σ and O1 contains no RBox axioms, and let O2 = O \ O1 .
Further, let O2Σ be a uniform interpolant of O2 for Σ. Then, O1 ∪ O2Σ is a
uniform interpolant of O for Σ.
As a corollary of this lemma, we obtain the robustness property of subsumption modules for signatures Σ s.t. Nr ⊆ Σ which was claimed in the introduction,
and which can equivalently be proved based on a corresponding result for ALC
from [12].
Corollary 1 (Weak robustness under replacement). Let O be an ontology,
Σ a signature s.t. Nr ⊆ Σ, and M be a Σ-subsumption module for O. Let O0 be
an ontology s.t. sig(O0 )∩sig(O) ⊆ Σ and O0 contains no RBox axioms containing
role names from O. Then, for any axiom α s.t. sig(α) ⊆ sig(O0 ) ∪ Σ, we have
O ∪ O0 |= α iff M ∪ O0 |= α.
We can now show that uniform interpolants of subsets of the original ontology can indeed be computed using the replacement operations described earlier.
(Recall that annotated uniform interpolants are defined as uniform interpolants
of the annotated ontology, for the given signature extended by annotation concepts.)
Theorem 1. Let O be an ontology, Σ a signature s.t. Nr ⊆ Σ, and OaΣ an
annotated uniform interpolant of O for Σ. Let O1 ⊆ O. Then, the ontology
O1Σ = OaΣ [Aα 7→ ⊥ | α ∈ O1 ][Aα 7→ > | α ∈ O \ O1 ]
is a uniform interpolant of O1 for Σ.
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Proof. Let O, Σ, OaΣ and O1 be as in the lemma. Let Oa be the annotation
of O, and extend Oa to following ontology O2 .
Oa ∪ {Aα ≡ ⊥ | α ∈ O1 } ∪ {Aα ≡ > | Aα ∈ O \ O1 }
By looking at the way axioms are annotated, one easily establishes that the
uniform interpolant of O2 for sig(O) is equivalent to O1 . Also, one easily sees
that this uniform interpolant is simply obtained by replacing every annotation
concept Aα s.t. α ∈ O by ⊥, and every annotation concept Aα s.t. Aα ∈ O \ O1
by >. Since uniform interpolation is commutative, we can obtain a uniform
interpolant of O1 for Σ, starting from O2 , in two ways. Either we first compute
O1 as uniform interpolant of O2 , and compute then the uniform interpolant of O1
for Σ. Or we first compute the uniform interpolant of O2 for Σ ∪Na , of which we
then compute the uniform interpolant for Σ. As observed earlier, this last step
is simply performed by replacing annotation concepts by ⊥ respectively >. By
Lemma 1, the uniform interpolant of O2 is equivalent to the uniform interpolant
of Oa —the annotated uniform interpolant—together with the additional axioms
in O2 , which means, these axioms are only involved in computing the second
uniform interpolant. Therefore, we obtain the same ontology if we first compute
the annotated uniform interpolant of O, and then perform the substitution on
the annotated uniform interpolant.
t
u

6

LK Subsumption Modules

Theorem 1 allows us to apply Algorithm A2 without having to use an expensive
uniform interpolation method in each step. Another consequence of Theorem 1
is that, if we take the axioms associated with the set of annotation concepts
occurring in the annotated uniform interpolant, we obtain a set of axioms that
contains all minimal subsumption modules. This module is not necessarily equal
to the union of all minimal subsumption modules, since the annotated uniform
interpolant may contain tautological axioms, so that it is an over-approximation.
We call this module lean kernel subsumption module (LK subsumption module
for short), since it contains all axioms that were involved in computing the
uniform interpolant, similar to lean kernels in SAT-solving [19]. LK subsumption
modules can be computed more cheaply than minimal subsumption modules, as
they do not require any further subsumption tests after the annotated uniform
interpolant is computed. We believe that they also have a special use in ontology
engineering: given a set of concept names, they allow the ontology engineer to
quickly examine all the axioms that are involved in inferring any entailments
involving no other concept names.
Definition 3. Let O be an ontology and Σ a signature. An ontology MΣ
lk is a Σ
LK subsumption module iff there exists an annotated uniform interpolant OaΣ of
O for Σ that is obtained by collecting all axioms that belong to some annotation
concepts occurring in OaΣ :
Σ
MΣ
lk = {α | Aα ∈ sig(Oa )}.
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Corollary 2. Given an ontology O, a signature Σ s.t. Nr ⊆ Σ and a Σ LK
Σ
subsumption module MΣ
lk for O, we have M ⊆ Mlk for every minimal Σsubsumption module M of O.
Since LK subsumption modules can be obtained from the annotated uniform
interpolant without additional subsumption tests, they can always be computed
even in the case where the annotated uniform interpolant contains fixpoint operators. However, different to minimal subsumption modules they do not offer
any minimality guarantees: which axioms are contained in the LK subsumption
module depends on the uniform interpolation procedure used, and as uniform
interpolants may contain redundant and tautological information, it is in general
possible that an LK subsumption module contains axioms that are not included
in any minimal subsumption module.
The requirement that the signature contains all role names is indeed crucial
for the correctness of our method, as is exemplified by the following example.
Example 2. Take following ontology O:
A v ∃r.B

AvC

B v ⊥,

and consider the signature Σ1 = {A, r}. The annotation Oa of O looks as follows.
A v ∃r.B t AAv∃r.B

A v C t AAvC

B v ⊥ t ABv⊥
A uniform interpolant OaΣ for Oa for {A, r, AAv∃r.B , AAvC , ABv⊥ } is
A v ∃r.ABv⊥ t AAv∃r.B .
Consequently, the Σ1 LK subsumption module contains the first and the last
axiom of O. One easily verifies that these two axioms also form the only minimal
Σ1 -subsumption module of O.
Now consider the signature Σ2 = {A, C}. A close look at the original ontology
shows that in fact, the concept A is unsatisfiable, which can be inferred just
from the first and the last axiom. This makes the second axiom redundant,
and therefore the minimal subsumption module for Σ2 is the same as for Σ1 .
However, the uniform interpolant OaΣ2 for Oa for {A, C, AAv∃r.B , AAvC , ABv⊥ }
just contains the following axiom.
A v C t AAvC
That is, the LK subsumption module contains just one axiom, which is exactly
the only axiom that does not occur in the minimal subsumption module. The
reason that the annotated uniform interpolant does not contain any more axioms
is that the axiom A v ∃r.ABv⊥ t AAv∃r.B has no non-tautological ALCHentailment that does not also make use of the role name r.
Finally, for the complete signature Σ3 = {A, r, C}, the Σ3 LK subsumption
module contains all axioms. However, as we already observed, the second axiom
is redundant, and thus, this subsumption module is not minimal.
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7

Evaluation

To evaluate how our method performs in practice, we implemented a Java prototype of our method and did an initial evaluation on a set of 96 ontologies that
were taken from the classification track for OWL DL ontologies at the ORE
competition 2014 [24]. The prototype was implemented in Java 1.7, using the
OWL-API [9] for ontology access, Lethe [17] for computing the annotated uniform interpolants, and MORe [25] as a reasoner in the minimisation step. MORe
is a hybrid reasoner that utilises the OWL DL reasoner HermiT [7] together with
the EL reasoner ELK [10]. As it was to be expected that the module as well as
the uniform interpolants could often be expressed purely in EL, this reasoner
was selected to improve reasoner performance for these cases. In fact, we noticed
that the minimalisation step was usually significantly faster when using MORe
than when using HermiT.
We were particularly interested in the performance for computing small subsumption modules. In particular, we were interested in the following questions:
1) how well does the method perform in practice for computing LK subsumption
modules and minimal subsumption modules, and 2) can minimal subsumption
modules in ALCH be expected to be smaller than modules extracted by alternative methods, such as locality-based modules. Since we expected both the
computation of the annotated uniform interpolant, as well as the minimisation
step afterwards, to be costly in practice, we computed subsumption modules
in a relaxed setting. For this, we used a timeout for the uniform interpolation
step. Lethe computes uniform interpolants by eliminating names outside of the
specified signature one after the other. If it did not succeed in computing the
uniform interpolant within the specified timeout, we continued the computation
with the uniform interpolant it computed so far, thus obtaining LK subsumption modules and minimal subsumption modules for an extended signature. This
way, we were able to get an upper bound on the size of the minimal subsumption
module even if the annotated uniform interpolant was too difficult to compute.
Furthermore, note that the annotated uniform interpolant computed in the first
step may contain fixpoint expressions, so that the LK subsumption module cannot be minimised in the second step, as we cannot test for entailment of axioms
with fixpoint expressions using MORe. To still get an idea about the minimisation potential of our approach, we simply treated entailment of axioms with
fixpoint expressions as failure, unless the axiom was syntactically contained in
the current module. Note that this may result in a module that is not minimal,
similar to when the uniform interpolation procedure created a timeout.
The ontologies for our experiments were selected as follows. We selected our
ontologies from the track “Classification of OWL DL ontologies” of the OWL
Reasoner Evaluation competition 2015, because they provide a small, yet well
balanced mix of ontologies with very different properties [24]. As our method
only supports ALCH ontologies, we further removed from each ontology the
axioms that were not in ALCH, where we kept n-ary equivalence and disjointness
axioms, as well as concept inclusions. From this set of 315 ontologies, we selected
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|Σ ∩ Nc |
10
25
50
Success Rate
92.2%
90.3%
90.6%
Minimal
71.2%
70.3%
68.7%
Fixpoints
20.8%
19.8%
23.6%
UI Timeout
2.0%
2.2%
2.0%
Duration (s)
0.4 / 594.0 / 3.7 / 20.6
0.4 / 591.9 / 4.1 / 27.1
0.5 / 592.0 / 6.1 / 32.5
Size >⊥∗-Module
0 / 1021 / 131.0 / 204.4 0 / 1374 / 164.0 / 256.7 0 / 1047 / 204.0 / 260.3
Size LK Module
0 / 723 / 103.5 / 170.1 0 / 1054 / 144.0 / 216.7
0 / 835 / 170.0 / 218.5
Size Min. Module
0 / 723 / 103.0 / 169.8
0 / 1051 / 142.0 / 216.1 0 / 814 / 169.0 / 218.0
Size Original Ontology
186 / 8926 / 1792.0 / 2547.5

Table 1. Results of our evaluation for signatures containing 10/25/50 concept names
(minimal/maximal/median/average).

|Σ ∩ Nc |
100
150
Success Rate
87.7%
85.7%
Minimal
66.5%
66.0%
Fixpoints
21.7%
20.6%
UI Timeout
2.6%
1.7%
Duration (s)
0.9 / 584.5 / 9.1 / 39.1
1.0 / 594.9 / 11.6 / 39.7
Size >⊥∗-Mod
1 / 1374 / 305.0 / 352.2 6 / 1242 / 385.0 / 435.8
Size LK Mod
1 / 1054 / 267.0 / 301.2
6 / 1242 / 342.0 / 382.1
Size Minimised Mod
1 / 1051 / 264.0 / 300.0 6 / 1234 / 336.0 / 379.9
Size Original Ontology
186 / 8926 / 1792.0 / 2547.5

Table 2. Results of our evaluation for signatures containing 100/150 concept names
(minimal/maximal/median/average).

those that contained less than 10,000 axioms and more than 150 concept names,
resulting in a set of 96 ontologies in total.
The experiment was performed on a server running Ubuntu 15.10 with Intel Xeon 2.50GHz cluster Core 4 Duo CPU with 64GiB RAM. We used our
prototype to compute subsumption modules for randomly created signatures
containing 10, 25, 50, 100 and 150 concept names, were we used 30 samples per
signature size. The timeout for the interpolation procedure was set to 5 minutes,
while the overall timeout was set to 10 minutes. The results of our experiment
are shown in Table 2. The success rate shows the number of runs in which the
method succeeded within the timeout. The next rows show the percentage of
runs that produced modules which were guaranteed to be minimal (Row 3),
that did not guarantee minimality due to fixpoints in the uniform interpolant
(Row 4), and that did not guarantee minimality due to a timeout in the interpolation procedure (Row 5). Note that the latter two cases may overlap. We
then list the minimal, maximal, median and average duration of computing the
module in the successful runs. We obtained median durations between 4.1 and
11.6 seconds, which might be reasonable for daily applications. However, as to be
expected, in general our method is more computationally expensive than other
methods for module extraction.
The following rows compare the sizes of the TBoxes of the >⊥∗-modules,
the LK subsumption modules and the minimised subsumption modules. Note
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that, because the signatures always contained all role names, the >⊥∗-modules
as well as the subsumption modules always had the same RBox as the original
ontology. It is for this reason that we focus on the TBoxes of the modules to
provide for a more meaningful comparison. The LK subsumption modules were
on average 12.3%–16.8% smaller than the >⊥∗-modules, while the minimised
variants differed only little in size to the LK subsumption modules. This shows
that in practice, LK subsumption modules provide for good approximations of
minimal subsumption modules. The last row shows for comparison the minimal,
maximal, median and average size of the input ontologies.

8

Conclusion and Future Work

We presented a method for extracting subsumption modules in ALCH for signatures Σ s.t. Nr ⊆ Σ. The method ensures minimality of the extracted modules
provided that a uniform interpolant without fixpoint operators can be computed
for the given ontology and signature. In the first step, the method computes an
annotated uniform interpolant, from which an approximation of the minimal subsumption module, the LK subsumption module can be obtained. This module is
then minimised in a subsequent step by comparing entailments of corresponding
uniform interpolants. Our evaluation indicates that in most cases, the LK subsumption module is already minimal or close-to minimal, so that the second step
can be omitted. As for LK subsumption modules, we do not have a restriction for
cyclic ontologies, this means that our method provides for good approximations
of minimal subsumption modules for ALCH ontologies in general. Our evaluation indicates that our method is often able to compute subsumption modules
that are smaller than locality-based modules. However, in some cases, the computation of these modules was quite time-consuming. Our implementation uses a
timeout for the uniform interpolation step, and computes a subsumption module
for the signature for which a uniform interpolant could be computed within that
timeout. It would be interesting to see the exact effect of this timeout on the
computed subsumption modules. For small timeouts, our implementation would
compute an LK subsumption module for an extended signature that in addition
contains those concept names that are especially hard for Lethe to eliminate,
which usually is only a small fraction of complete signature. It is possible that
those LK subsumption modules provide for close approximations of the LK subsumption modules for the given signature, though computable in much shorter
time.
There are obvious short-comings of our evaluation that should be addressed
in future work. First, the sample size used for the signatures was very small,
which is why we are currently running the experiments with a higher number of signatures per ontology. Second, we only compared our method with the
syntactical method for computing >⊥∗-modules. An alternative obvious choice
for comparison would be AMEX [5], which can approximate depleting semantic
modules of ALCQI ontologies. Such a comparison could give insights on whether
subsumption modules are in practice smaller than semantic modules, or whether
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they are mostly similar. Third, it would be interesting to evaluate our method on
larger ontologies and not only ontologies with at most 10,000 axioms. Furthermore, it would be interesting to test our method with other implementations for
uniform interpolation than Lethe, for example the Ackermann-based method
presented in [31].
Open problems with our approach are 1) how to obtain an optimal, practical
method in the case uniform interpolants contain fixpoints, and 2) how to compute
minimal subsumption modules for signatures that do not contain all role names.
In order to tackle these, it might be necessary to use the uniform interpolation
method not as a black box, but to modify its implementation to track inferences
directly. Again, it is possible that techniques from the area of justification and
axiom-pinpointing could be used here.
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Abstract. It is a classical result that the monadic fragment of secondorder logic admits elimination of second-order quantifiers. Recently, the
separated fragment (SF) of first-order logic has been introduced. SF
generalizes the monadic first-order fragment without equality, while preserving decidability of the satisfiability problem. Therefore, it is a natural
question to ask whether SF also admits elimination of second-order quantifiers. Interestingly, already Ackermann answered this question in the
negative as far as full SF with unrestricted occurrences of second-order
quantifiers is concerned. However, with appropriate restrictions on the
syntax of a second-order version of SF, one could hope to define a substantial extension of the monadic fragment that admits second-order
quantifier elimination. The present note is about preliminary results of
ongoing research in this direction. As a first positive result a restricted
second-order version of SF is defined that admits the elimination of at
least one existential second-order quantifier. The elimination of existential second-order quantifiers from a monadic sentence without equality
constitutes a special case of the methods presented here.
Keywords: Second-order quantifier elimination · separated fragment ·
monadic fragment

1

Introduction

It is a classical result that the monadic fragment of second-order logic admits
elimination of second-order quantifiers. This was discovered by Löwenheim [6],
Skolem [7], and Behmann [2].
Recently, the separated fragment (SF) of first-order logic has been introduced [8]. It constitutes a syntactic generalization of well-known first-order
fragments: the Bernays–Schönfinkel–Ramsey fragment—the class of relational
∃∗ ∀∗ sentences—and the monadic first-order fragment without equality—the
class of relational sentences over predicate symbols of arity at most one. The
satisfiability problem for SF sentences (SF-Sat) is decidable, but computationally
very hard: SF-Sat is k-NExpTime-hard for every positive integer k [10]. In other
words, SF-Sat is non-elementary. The definition of SF is based on restricting
the syntax of first-order sentences in prenex normal form. However, neither the
Copyright c 2017 by the paper’s authors
In: P. Koopmann, S. Rudolph, R. Schmidt, C. Wernhard (eds.): SOQE 2017 – Proceedings of the Workshop on Second-Order Quantifier Elimination and Related Topics,
Dresden, Germany, December 6–8, 2017, published at http://ceur-ws.org.
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arity of predicate symbols nor the shape of quantifier prefixes is restricted. The
defining principle for SF sentences is that universally and existentially quantified
variables do not occur together in atoms. Leading existential quantifiers are
exempt from this rule. The sentence ∀x1 ∃y1 ∀x2 ∃y2 . R(x1 , x2 ) ↔ Q(y1 , y2 ) is an
exemplary SF sentence.
As SF generalizes the monadic first-order fragment without equality while
retaining a decidable satisfiability problem, it is natural to ask whether a secondorder version of SF admits elimination of second-order quantifiers. Interestingly,
already Ackermann gave a negative answer to this question. In an article from
1935 [1], Ackermann argued that the quantifier ∃P in the following formula
cannot be eliminated: ∃P. P (x) ∧ ¬P (y) ∧ ∀uv. ¬P (u) ∨ P (v) ∨ ¬N (u, v). The
only atom in this formula that could potentially break the separateness condition
is N (u, v). But since both variables u and v are universally quantified, universal
variables are separated from existential variables and the sentence is in SF.
Although Ackermann’s observation seems to be discouraging, it only means
that there is, apparently, no straight-forward way of extending the quantifierelimination techniques that work for second-order monadic logic to the separated
fragment. The purpose of this note is to present certain syntactic restrictions
that allow the elimination of existentially quantified unary predicate symbols in
separated formulas. The presented results are of a preliminary character and are
not yet fully developed. They provide only a first hint at some directions that
might be worth following in future work.
In Section 2 we present the used notation and some basic results. A definition
of the separated fragment is given in Section 3. The main result is developed in
Section 4 and concisely formulated in Theorem 8. Finally, Section 5 concludes
with a discussion of the results and future directions.

2

Notation and Preliminaries

We consider second-order logic formulas with equality. We call a formula relational
if it contains neither function nor constant symbols. In all formulas, if not explicitly
stated otherwise, we tacitly assume that no variable occurs freely and bound
at the same time and that no variable is bound by two different occurrences of
quantifiers. For convenience, we sometimes identify tuples x̄ of variables with the
set containing all the variables that occur in x̄. By vars(ϕ) we denote the set of
all variables occurring in ϕ.
The symbol |= denotes the is-a-model-of relation as well as semantic entailment of formulas, i.e. ϕ |= ψ holds whenever for every structure A and every
variable assignment β, A, β |= ϕ entails A, β |= ψ. The symbol |=| denotes
semantic equivalence of formulas, i.e. ϕ |=| ψ holds whenever ϕ |= ψ and ψ |= ϕ.
The following are standard lemmas that we simply add for completeness.
Lemma 1 (Miniscoping). Let ϕ, ψ, χ be formulas, and assume that x and y
do not occur freely in χ. We have the following equivalences, where ◦ ∈ {∧, ∨}:
(i) ∃y.(ϕ ∨ ψ) |=| (∃y.ϕ) ∨ (∃y.ψ)
(ii) ∀x.(ϕ ∧ ψ) |=| (∀x.ϕ) ∧ (∀x.ψ)
(iii) ∃y.(ϕ ◦ χ) |=| (∃y.ϕ) ◦ χ
(iv) ∀x.(ϕ ◦ χ) |=| (∀x.ϕ) ◦ χ
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Lemma 2. Let ψ[t] be some second-order formula in which the term t occurs.
Let x be some first-order variable that does not occur in ψ[t]. Then, ψ[t] is
semantically equivalent to ∀x. x = t → ψ[x], where ψ[x] is derived from ψ[t] by
replacing every occurrence of t with the variable x.

3

The Separated Fragment

Consider a second-order formula ϕ. We say that two disjoint sets of first-order
variables X and Y are separated in ϕ if and only if for every atom A in ϕ we
have vars(A) ∩ X = ∅ or vars(A) ∩ Y = ∅.
The following definition of the separated fragment is a slightly simplified
version of the fragment investigated in [8] and in [10]. In contrast to the original,
we do not consider constant symbols here.
Definition 3 (Separated fragment (SF)). The separated fragment (SF) of
first-order logic consists of all relational first-order sentences with equality that
are of the form ∃z̄ ∀x̄1 ∃ȳ1 . . . ∀x̄n ∃ȳn . ψ, in which ψ is quantifier free, and in
which the two sets x̄1 ∪ . . . ∪ x̄n and ȳ1 ∪ . . . ∪ ȳn are separated. The tuples z̄
and ȳn may be empty, i.e. the quantifier prefix does not have to start with an
existential quantifier and it does not have to end with an existential quantifier
either.
Notice that the variables in z̄ are not subject to any restriction concerning their
occurrences.
It is not hard to see that SF generalizes the Bernays–Schönfinkel–Ramsey
fragment (relational ∃∗ ∀∗ prenex formulas with equality) and the monadic firstorder fragment without equality (see [8], Theorem 9). The reason why certain
monadic sentences with equality do not belong to SF is that, although SF
sentences may contain equality, non-separated equations are not allowed in SF.
For example, the sentence ∃y∀x. x = y belongs to SF whereas ∀x∃y. x = y does
not.
As already mentioned in the introduction, it is known that the satisfiability
problem for SF sentences (SF-Sat) is decidable and non-elementary [8, 10]. These
results rely on an equivalence-preserving transformation from SF into the Bernays–
Schönfinkel–Ramsey fragment (BSR): for every SF sentence there is an equivalent
sentence in the BSR fragment. This transformation will be the starting point
for showing that quantifier elimination is possible for a certain extension of the
separated fragment with second-order quantifiers.
Lemma 4. Let ϕ := ∀x̄1 ∃ȳ1 . . . ∀x̄n ∃ȳn . ψ(x̄, ȳ, z̄) be a relational first-order
formula in which ψ is quantifier free and the sets x̄ := x̄1 ∪ . . . ∪ x̄n and
ȳ := ȳ1 ∪ . . . ∪ ȳn are separated. Moreover, we assume that every variable
occurring in the quantifier prefix and in z̄ also occurs in the matrix ψ.
e1 , . . . , x
em1 ⊆ x̄ and y
e1 , . . . , y
em2 ⊆ ȳ be partitions of the sets x̄ and
Let x
e
em1 , y
e1 , . . . , y
em2 are nonempty, pairwise
ȳ, respectively, such that the x1 , . . . , x
disjoint, and pairwise separated in ϕ. Then, ϕ is equivalent to a finite disjunction
of formulas of the form
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^
k

∀e
x00k .

_
`


^

^
Kk` (e
x00k , z̄) ∧
∃e
yi00 .
Lij (e
yi00 , z̄) ,
i

j

where the Kk` and the Lij are literals whose atoms are renamed variants of
e00k1 , x
e00k2 with k1 =
ei001 , y
ei002
atoms that occur in ϕ. Moreover, any two sets x
6 k2 , y
00
00
ek , y
ei are separated in the resulting formula.
with i1 6= i2 , and x

Proof. The proof is an adaptation of the proof of Lemma 12 in [10]. For convenience, we pretend that z̄ is empty. The argument works for nonempty z̄ as well.
We will make use of the following auxiliary lemma:
Claim I (Lemma 11 in [10]):
Let I and Ji , i ∈ I, be sets that are finite, nonempty, and pairwise disjoint.
The elements of these sets serve as indices. Let

^
_
∃v̄.
χi (ū) ∨
ηk (v̄, ū)
i∈I

k∈Ji

be some first-order formula where the χi and the ηk denote arbitrary subformulasSthat we treat as indivisible units in what follows. We say that
f : I → i∈I Ji is a selector if for every i ∈ I we have f (i) ∈ Ji . We denote
the set of all selectors of this form by F.
Then, the above formula is equivalent to
 _

^ _
^
χi (ū) ∨
∃v̄.
ηf (i) (v̄, ū) .
S⊆I
S 6= ∅

f ∈F

i∈S

i∈S

♦

We transform ϕ into an equivalent CNF formula of the form

^
_
∀x̄1 ∃ȳ1 . . . ∀x̄n ∃ȳn .
χi (x̄) ∨
Lk (ȳ)
i∈I

k∈Ji

where I and the Ji are finite, pairwise disjoint sets of indices, the subformulas χi
are disjunctions of literals, and the Lk are literals. By Claim I, we can construct
an equivalent formula of the form
 _

^ _
^
ϕ0 := ∀x̄1 ∃ȳ1 . . . ∀x̄n .
χi (x̄) ∨
∃ȳn .
ηf (i) (ȳ)
S⊆I
S 6= ∅

f ∈F

i∈S

i∈S

where F is the set of all selectors over the index sets Ji , i ∈ I. Applying
miniscoping (Lemma 1), we move inward the universal quantifier block ∀x̄n and
thus obtain
 _

^ 
_
^
ϕ00 := ∀x̄1 ∃ȳ1 . . . ∃ȳn−1 .
∀x̄n .
χi (x̄) ∨
∃ȳn .
ηf (i) (ȳ) .
S⊆I
S 6= ∅

i∈S

f ∈F

i∈S
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We now iterate these two steps in an alternating fashion until all quantifier blocks
have been moved inwards in the described way. The constituents of the result
V
W (3)
(3)
ϕ(3) := q χq ∨ p ηqp of this process have the form
χ(3)
q = ∀x̄1 .

_

∀x̄2 .

`1

_

...

`2

_

`n−1

∀x̄n .

_

i∈S`1 ,...,`n−1

 
χi (x̄) . . .

where the S`1 ,...,`n −1 are certain subsets of I and the χi are still disjunctions of
literals, and
 
^
^  ^
^
(3)
ηqp
= ∃ȳ1 . ∃ȳ2 .
...
∃ȳn .
Lk (ȳ) . . .
`1

`2

`n−1

k∈J`1 ,...,`n−1

S
where the J`1 ,...,`n−1 are certain subsets of i∈I Ji .
e1 , . . . , x
em1 , which are pairwise separated in the
By definition of the sets x
(3)
(3)
χq , we can rewrite every χq into the following form by regrouping the inner
disjuncts:
 
_
_  _
_
χ(4)
∀x̄2 .
...
∀x̄n .
χ0`i
x i0 ) . . .
¯ 0 (e
q = ∀x̄1 .
`1

`2

i0 =1,...,m1

`n−1

where the χ0`i
¯ 0 are (possibly empty) disjunctions of literals. Analogously, we
(3)

rewrite every ηqp into the form
(4)
ηqp
= ∃ȳ1 .

^

∃ȳ2 .

`1

^

...

`2

^

`n−1

∃ȳn .

^

j 0 =1,...,m2

 
0
η`j
yj ) . . .
¯ 0 (e

0
where the η`j
¯ 0 are (possibly empty) conjunctions of literals.

(4)

We then observe the following equivalences, starting from χq :
 
_
_
_  _
χ0`i
...
∀x̄n .
xi0 ) . . .
∀x̄1 . ∀x̄2 .
¯ 0 (e
`1

|=| ∀x̄1 .
|=| ∀x̄1 .

|=|
|=|

_
`1

_
`1

`2

∀x̄2 .
∀x̄2 .

..
.
_

i0 =1,...,m1

_

i0 =1,...,m1

_

...

`2

_

_

`n−1 i0 =1,...,m1

`2

_

i0 =1,...,m1

`n−1

...



_

_

i0 =1,...,m1 `0n−1

ei0 ).
∀(x̄1 ∩ x

_
`01

∀e
x0i0 . χ00i0 (e
x0i0 ) ,

 
ei0 ). χ0`i
∀(x̄n ∩ x
xi0 ) . . .
¯ 0 (e

 
ei0 ). χ0`¯0 i0 (e
∀(x̄n ∩ x
x i0 ) . . .

ei0 ).
∀(x̄2 ∩ x

_
`02

...

_

`0n−1

 
ei0 ). χ0`¯0 i0 (e
∀(x̄n ∩ x
xi0 ) . . .
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where the χ00i0 are disjunctions of literals. Before moving universal quantifiers
outwards in the last step of the above transformation, bound variables are
renamed such that all quantifiers bind pairwise distinct variables. Analogously,
we have
^
(4)
ηqp
|=|
∃e
yj0 0 . ηj000 (e
yi0 0 ) ,
j 0 =1,...,m2

where the ηj000 are conjunctions of literals.

V 

χq ∨

 _
∀e
x0i0 . χ00qi0 (e
x0i0 ) ∨

^

Consequently, we have rewritten ϕ(3) =
(4)

formula ϕ

ϕ(4) =

of the form
^ _
q

i0 =1,...,m1

q

(3)

W

(3)

p

p j 0 =1,...,m2

ηqp



into an equivalent

00
∃e
yj0 0 . ηqpj
yi0 0 )
0 (e



.

After renaming bound variables again such that all quantifiers bind pairwise distinct variables, we transform ϕ(4) into an equivalent formula that is a disjunction
of formulas of the form


^
_
^
^
∀e
x00k .
Kk` (e
x00k ) ∧
∃e
yi00 .
Lij (e
yi00 ) .
k

`

i

j

t
u

The just proven lemma will provide the syntactic transformations necessary
to eliminate second-order quantifiers that occur in a separated formula under
certain conditions.
Example 5. We have already mentioned the following SF sentence in the introduction: ϕ := ∀x1 ∃y1 ∀x2 ∃y2 . R(x1 , x2 ) ↔ Q(y1 , y2 ). As indicated by Lemma 4,
nested alternating quantifiers can be transformed away. An intermediate result
of this process is



∀x1 ∃y1 . ∀x2 . R(x1 , x2 ) ∨ ∃y2 . ¬Q(y1 , y2 )



∧ ∀x2 . ¬R(x1 , x2 ) ∨ ∃y2 . Q(y1 , y2 ) .

Continuing the transformation process, we eventually obtain


∃y1 y2 y3 . Q(y1 , y2 ) ∧ ¬Q(y1 , y3 )



∨ ∀x1 x2 . R(x1 , x2 ) ∧ ∃y1 y2 . Q(y1 , y2 )



∨ ∀x1 x2 . ¬R(x1 , x2 ) ∧ ∃y1 y2 . ¬Q(y1 , y2 )




∨ ∀x1 x2 x3 . R(x1 , x2 ) ∨ ¬R(x1 , x3 ) ∧ ∃y1 y2 . Q(y1 , y2 ) ∧ ∃y3 y4 . ¬Q(y3 , y4 ) ,

which is equivalent to ϕ but does not contain any quantifier alternation.
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4

Elimination of Second-Order Quantifiers

In this section we formulate syntactic restrictions that enable the elimination
of second-order quantifiers over unary predicates from sentences that belong
to the separated fragment. The notion of separation of sets of variables in a
formula plays a central role in our criterion. However, this time it is not only
of interest that universal variables are separated from existential variables. It is
rather of importance that within each set of non-separated variables there is at
most one that occurs as the argument of the predicate symbol that is bound by
the quantifier we intend to eliminate.
Lemma 6. Let ϕ := ∀x̄1 ∃ȳ1 . . . ∀x̄n ∃ȳn . ψ(x̄, ȳ, z̄) be a relational first-order
formula in which ψ is quantifier free and the sets x̄ := x̄1 ∪ . . . ∪ x̄n and
ȳ := ȳ1 ∪ . . . ∪ ȳn are separated. We assume that every variable occurring in the
quantifier prefix and in z̄ also occurs in the matrix ψ.
e1 , . . . , x
em1 ⊆ x̄ and y
e1 , . . . , y
em2 ⊆ ȳ be partitions of the sets x̄ and
Let x
e1 , . . . , x
em1 , y
e1 , . . . , y
em2 are nonempty, pairwise
ȳ, respectively, such that the x
disjoint, and pairwise separated in ϕ. Let P be a unary predicate symbol satisfying
the following conditions:
ei , 1 ≤ i ≤ m1 , there is at most one variable x∗i ∈ x
ei for which
(1) For every set x
ϕ contains atoms P (x∗i ).
ei , 1 ≤ i ≤ m2 , there is at most one variable yi∗ ∈ y
ei for which
(2) For every set y
ϕ contains atoms P (yi∗ ).
Then ∃P. ϕ is equivalent to a finite disjunction of formulas of the form

 ^
^
θ(z̄) ∧ ∃P.
∀e
x0k1 . χk1 (e
x0k1 , z̄) ∨ P (x∗k1 ) ∧
∀e
x0k2 . χ0k2 (e
x0k2 , z̄) ∨ ¬P (x∗k2 )
k1

∧
∧

^
i1

^
`1



∃e
yi0 1 . ηi1 (e
yi0 1 , z̄) ∧ P (yi∗1 ) ∧

P (z`∗1 )

∧

^
`2

¬P (z`∗2 )

k2

^
i2


∃e
yi0 2 . ηi02 (e
yi0 2 , z̄) ∧ ¬P (yi∗2 )

,

where (a) the χk1 and the χ0k2 are disjunctions of literals and the ηi1 and the
ηi02 are conjunctions of literals, (b) all the atoms in θ and in the χk1 , χ0k2 , ηi1 ,
and ηi2 are renamed variants of atoms that occur in ϕ and do not contain the
predicate symbol P , and (c) the variables z`∗1 , z`∗2 are pairwise distinct and stem
from z̄.
Proof. By Lemma 4, we know that ϕ can be rewritten to an equivalent formula
that is a finite disjunction of formulas in which no universal quantifier lies within
the scope of an existential quantifier and vice versa. We apply this transformation
to ϕ and obtain a formula as described in Lemma 4. In the next step, we isolate
atoms that exclusively contain variables from z̄, narrow the scopes of first-order
quantifiers so that these atoms are not within their scopes anymore, and transform
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the resulting formulas into a formula ϕ0 that is a disjunction of formulas of the
form
^

^

_
^
^
∀e
x0k .
Kk` (e
x0k , z̄) ∧
∃e
yi0 .
Lij (e
yi0 , z̄) ∧
Mr (z̄) ,
k

i

`

r

j

where the Kk` and the Lij are literals whose atoms are renamed variants of
e0k or y
ei0 . The
atoms that occur in ϕ and contain at least one variable from some x
Mr are literals whose atoms occur in ϕ and contain exclusively variables from z̄.
e0k1 , x
e0k2 with k1 6= k2 , y
ei0 1 , y
ei0 2 with i1 6= i2 , and x
e0k , y
ei0
Moreover, any two sets x
0
are separated in ϕ . By inspection of the transformations performed in the proof
of Lemma 4, we observe that Conditions (1) and (2) are preserved such that they
e0k and y
ei0 with respect to variables x∗k and yi∗ , respectively.
also apply to the sets x
This enables us to regroup the disjunctions and conjunctions in the constituents of ϕ0 such that each of these disjuncts has the form
_


^
∀e
x0k0 .
Kk0 `0 (e
x0k0 , z̄) ∨ [¬]P (x∗k0 )
k0

∧
∧

^
i0

^
r0

`0

^

∃e
yi0 0 .

j0



Li0 j 0 (e
yi0 0 , z̄) ∧ [¬]P (yi∗0 )

 ^
Mr0 (z̄) ∧ [¬]P (zq∗ ) ,
q

where the literals Kk0 `0 , Li0 j 0 , and Mr0 do not contain the predicate symbol P .
The variables zq∗ stem from z̄. Moreover, we replace disjuncts (conjuncts) which
contain two literals P (v) and ¬P (v) with the logical constant true (false).
Having this, it only remains to regroup conjuncts and distribute the existential
quantifier ∃P over the topmost disjunction, in order to obtain the formula
advertised in the lemma.
t
u
The formula resulting from the lemma gives us the right starting point for the
elimination of the second-order quantifier ∃P from a formula. Before we elaborate
on this, we present the lemma that we shall employ for elimination.

Lemma 7 (Basic elimination lemma, see [11] and [2]). Let P be a unary
predicate symbol and let χ, η be first-order
 formulas in which P does not occur.
Then, ∃P. ∀x. χ ∨ P (x) ∧ ∀x. η ∨ ¬P (x) is semantically equivalent to ∀x. χ ∨ η.

Consider a formula ϕ := ∀x̄1 ∃ȳ1 . . . ∀x̄n ∃ȳn .ψ(x̄, ȳ, z̄) as described in Lemma 6.
e1 , . . . , x
em1 and y
e1 , . . . , y
em2 and a unary predicate
Moreover, let there be sets x
symbol P as described in the lemma. Then, Lemma 6 stipulates the existence of
a formula equivalent to ϕ that is a disjunction of formulas of the form
 ^

^
θ(z̄) ∧ ∃P.
∀e
x0k1 . χk1 (e
x0k1 , z̄) ∨ P (x∗k1 ) ∧
∀e
x0k2 . χ0k2 (e
x0k2 , z̄) ∨ ¬P (x∗k2 )
k1

∧
∧

^
i1

^
`1

∃e
yi0 1 .

P (z`∗1 )

ηi1 (e
yi0 1 , z̄)
∧

^
`2

∧

P (yi∗1 )

¬P (z`∗2 )

,



k2

∧

^
i2


∃e
yi0 2 . ηi02 (e
yi0 2 , z̄) ∧ ¬P (yi∗2 )
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in which we can eliminate the quantifier ∃P as follows. The shape of the above
formula is very similar to what Behmann called “Eliminationshauptform” in [2]
(see [11] for a modern exposition of Behmann’s results related to quantifier
elimination). With the next two transformation steps we come closer to the
syntactic shape of the “Eliminationshauptform”. First, we narrow the scope of
the first-order quantifiers that do not bind variables x∗k or yi∗ .

^

θ(z̄) ∧ ∃P.
∀x∗k1 . ∀(e
x0k1 \{x∗k1 }). χk1 (e
x0k1 , z̄) ∨ P (x∗k1 )
{z
}
|
k
1

∧

∧
∧
∧

^
k2

^
i1

^
i2

^
`1

=: χ∗
k

∀x∗k2 .

∃yi∗1 .
∃yi∗2 .

|
|
|

P (z`∗1 ) ∧

1



χk2 (e
x0k2 , z̄) ∨ ¬P (x∗k2 )
{z
}

∀(e
x0k2 \{x∗k2 }).

=: χ∗
k

2



ηi01 (e
yi0 1 , z̄) ∧ P (yi∗1 )
{z
}

∃(e
yi0 1 \{yi∗1 }).

=: ηi∗

1



ηi02 (e
yi0 2 , z̄) ∧ ¬P (yi∗2 )
{z
}

∃(e
yi0 2 \{yi∗2 }).

^
`2

=: ηi∗

2

¬P (z`∗2 )

Next, we treat the subformulas χ∗k and ηi∗ as indivisible units, move universal
quantifiers outwards that occur in different conjuncts (and merge them while
doing so), pull first-order existential quantifiers outwards (without merging them),
and rename the variables that are bound by the moved quantifiers. Moreover, we
reorder the conjunctions in the scope of the quantifier blocks ∃ū and ∃v̄.

^



θ(z̄) ∧ ∃P. ∀x.
χ∗k1 x∗k1 /x ∨ P (x)
∧

∧

∧

∧





|

k1

∀x.

∃ū.

∃v̄.

^
`1

{z

=: χ∗
1 (x,z̄)

^
|

k2

^
|

i1

^
|

i2

}




χ∗k2 x∗k2 /x ∨ ¬P (x)
{z

}

{z

}

{z

}

=: χ∗
2 (x,z̄)



 ^
ηi∗1 yi∗1 /ui1 ∧
P (ui1 )
=:

η1∗ (ū,z̄)

i1



 ^
ηi∗2 yi∗2 /vi2 ∧
¬P (vi2 )
=: η2∗ (v̄,z̄)

P (z`∗1 ) ∧

^
`2


¬P (z`∗2 )

i2
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In what follows we treat the χ∗1 , χ∗2 and η1∗ , η2∗ as indivisible units. One more step
remains to establish a kind of “Eliminationshauptform”. We move the quantifier
blocks ∃ū and ∃v̄ outwards over the ∃P , reorder the conjuncts within the scope of
∃P , and narrow the scope of ∃P such that it does not contain the η1∗ , η2∗ anymore.
Moreover, we make use of Lemma 2 and turn the literals P (ui1 ) into subformulas
∀x. x = ui1 → P (x). We proceed analogously with the literals ¬P (vi2 ), P (z`∗1 ),
and ¬P (z`∗2 ).
θ(z̄) ∧ ∃ūv̄. η1∗ (ū, z̄) ∧ η2∗ (v̄, z̄)




∧ ∃P. ∀x. χ∗1 (x, z̄) ∨ P (x) ∧ ∀x. χ∗2 (x, z̄) ∨ ¬P (x)


^
^


∧ ∀x.
x = ui1 → P (x)
∧ ∀x.
x = vi2 → ¬P (x)
∧



i1

∀x.

^

i2

x = z`∗1

`1


^


→ P (x)
∧ ∀x.
x = z`∗2 → ¬P (x)
`2

At this point, the subformula staring with ∃P is in “Eliminationshauptform”.
After converting the implications into disjunctions and factoring out the [¬]P (x),
we arrive at a formula from which the second-order quantifier ∃P can be eliminated
immediately via the basic elimination lemma.
θ(z̄) ∧ ∃ūv̄. η1∗ (ū, z̄) ∧ η2∗ (v̄, z̄)


^
^

∧ ∃P. ∀x. χ∗1 (x, z̄) ∧
x 6= ui1 ∧
x 6= z`∗1 ∨ P (x)
i1

`1



^
^

∧ ∀x. χ∗2 (x, z̄) ∧
x 6= vi2 ∧
x 6= z`∗2 ∨ ¬P (x)
i2

`2

Using Lemma 7, we eliminate the quantifier ∃P and obtain the following result.
θ(z̄) ∧ ∃ūv̄. η1∗ (ū, z̄) ∧ η2∗ (v̄, z̄)

^
^

∧ ∀x. χ∗1 (x, z̄) ∧
x 6= ui1 ∧
x 6= z`∗1
i1

∨

χ∗2 (x, z̄)

∧

^
i2

`1

x 6= vi2 ∧

^
`2

x 6= z`∗2



In order to convert this result into a somewhat nicer form, we proceed as described
in the proof of Lemma 19 in [11]. In particular, we remove the disequations x 6= y,
where x is a universally quantified variable. To this end, we first distribute
disjunction over conjunction within the scope of the quantifier ∀x.
θ(z̄) ∧ ∃ūv̄. η1∗ (ū, z̄) ∧ η2∗ (v̄, z̄)


∧ ∀x. χ∗1 (x, z̄) ∨ χ∗2 (x, z̄)
 ^

^

∧
x 6= vi2 ∧ x 6= z`∗2 ∨ χ∗1 (x, z̄)
i2

`2
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∧
∧

 ^
i1

 ^
i1

x 6= ui1 ∧
x 6= ui1 ∧

^
`1

^
`1



x 6= z`∗1 ∨ χ∗2 (x, z̄)

^
^


x 6= z`∗2
x 6= z`∗1 ∨
x 6= vi2 ∧
i2

`2

V

V

6 vi2 ∧ `2 x 6= z`∗2 into the
Next, we factor the subformulas χ∗1 , χ∗2 , and i2 x =
conjunctions with which they are disjunctively connected. Moreover, we turn the
resulting disjunctions into implications.
θ(z̄) ∧ ∃ūv̄. η1∗ (ū, z̄) ∧ η2∗ (v̄, z̄)


∧ ∀x. χ∗1 (x, z̄) ∨ χ∗2 (x, z̄)
^
 ^

∧
x = vi2 → χ∗1 (x, z̄) ∧
x = z`∗2 → χ∗1 (x, z̄)
i2

∧
∧
∧

^
i1

^
i1

^
`1

x = ui1 →
x 6= ui1 →
x 6=

z`∗1

→



χ∗2 (x, z̄)
^
i2

^
i2

`2

∧

^
`1

x 6= vi2 ∧
x 6= vi2 ∧

x = z`∗1 → χ∗2 (x, z̄)

^
`2

^
`2

x 6= z`∗2
x 6= z`∗2







Finally, we apply Lemma 2 in a reverse fashion to remove the universal variable
x from some of the subformulas.

θ(z̄) ∧ ∀x. χ∗1 (x, z̄) ∨ χ∗2 (x, z̄)
∧ ∃ūv̄. η1∗ (ū, z̄) ∧ η2∗ (v̄, z̄)
^
^
^
^
∧
χ∗1 (vi2 , z̄) ∧
χ∗1 (z`∗2 , z̄) ∧
χ∗2 (ui1 , z̄) ∧
χ∗2 (z`∗1 , z̄)
i2

∧

^^
i1 i2

`2

ui1 6= vi2 ∧

^^
i 1 `2

i1

ui1 6=

z`∗2

∧

^^
`1 i 2

`1

z`∗1

6= vi2 ∧

^^
`1 `2

z`∗1 6= z`∗2

Consequently, we get the following result.
Theorem 8. Let ϕ := ∀x̄1 ∃ȳ1 . . . ∀x̄n ∃ȳn . ψ(x̄, ȳ, z̄) be a relational first-order
formula in which ψ is quantifier free and the sets x̄ := x̄1 ∪ . . . ∪ x̄n and
ȳ := ȳ1 ∪ . . . ∪ ȳn are separated. We assume that every variable occurring in the
quantifier prefix and in z̄ also occurs in the matrix ψ.
e1 , . . . , x
em1 ⊆ x̄ and y
e1 , . . . , y
em2 ⊆ ȳ be partitions of the sets x̄ and
Let x
e1 , . . . , x
em1 , y
e1 , . . . , y
em2 are nonempty, pairwise
ȳ, respectively, such that the x
disjoint, and pairwise separated in ϕ. Let P be a unary predicate symbol satisfying
the following conditions:
ei for which
ei , 1 ≤ i ≤ m1 , there is at most one variable x∗i ∈ x
(1) For every set x
ϕ contains atoms P (x∗i ).
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ei , 1 ≤ i ≤ m2 , there is at most one variable yi∗ ∈ y
ei for which
(2) For every set y
ϕ contains atoms P (yi∗ ).

Then ∃P. ϕ is equivalent to some first-order formula ϕ0 that is a finite disjunction of formulas of the form

θ(z̄) ∧ ∀x. χ∗1 (x, z̄) ∨ χ∗2 (x, z̄)
∧ ∃ūv̄. η1∗ (ū, z̄) ∧ η2∗ (v̄, z̄)
^
^
^
^
∧
χ∗1 (vi2 , z̄) ∧
χ∗1 (z`∗2 , z̄) ∧
χ∗2 (ui1 , z̄) ∧
χ∗2 (z`∗1 , z̄)
i2

∧

^^
i1 i2

`2

ui1 6= vi2 ∧

^^
i 1 `2

i1

ui1 6=

z`∗2

∧

^^

`1

z`∗1

`1 i 2

6= vi2 ∧

^^
`1 `2

z`∗1 6= z`∗2

where all free predicate symbols and all free first-order variables also occur freely
in ∃P. ϕ. Moreover, all the ui1 are variables from ū, the vi2 are from v̄, and the
z`∗1 and z`∗2 are certain free variables from z̄.
Example 9. Consider the sentence ϕ := ∃P. ∀x1 ∃y∀x2 . R(x1 , x2 ) ↔ P (y). We
transform it into the equivalent sentence


∃P. ∀x1 x2 x3 . R(x1 , x2 ) ∨ ¬R(x1 , x3 )



∧ ∀x1 x2 . R(x1 , x2 ) ∨ ∃y. ¬P (y)



∧ ∀x1 x2 . ¬R(x1 , x2 ) ∨ ∃y. P (y) .

For the sake of simplicity, we narrow the scope of ∃P so that it only stretches
over the last two conjuncts, which we thereafter transform into a disjunction of
conjunctions. This yields


∀x1 x2 x3 . R(x1 , x2 ) ∨ ¬R(x1 , x3 )




∧ ∃P. ∀x1 x2 . R(x1 , x2 ) ∧ ∃y. P (y)



∨ ∀x1 x2 . ¬R(x1 , x2 ) ∧ ∃y. ¬P (y)



∨ ∃y. P (y) ∧ ∃y. ¬P (y)
.
Since we can distribute the quantifier ∃P over disjunction, it is enough to eliminate
∃P in the following three formulas:

(1) ∃P. ∃y. P (y)


|=| ∃y. ∃P. ∀x. x 6= y ∨ P (x) ∧ true ∨ ¬P (x)
|=| ∃y∀x. x 6= y ∨ true
|=| true
(2) ∃P. ∃y. ¬P (y)


|=| ∃y. ∃P. ∀x. x 6= y ∨ ¬P (x) ∧ true ∨ P (x)
|=| ∃y∀x. x 6= y ∨ true
|=| true
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(3) ∃P.
|=|
|=|
|=|



∃y. P (x) ∧ ∃y. ¬P (x)


∃y1 y2 . ∃P. ∀x. x 6= y1 ∨ P (x) ∧ ∀x. x 6= y2 ∨ ¬P (x)
∃y1 y2 ∀x. x 6= y1 ∨ x 6= y2
∃y1 y2 . y1 6= y2

Hence, ϕ is semantically equivalent to

∀x1 x2 x3 . R(x1 , x2 ) ∨ ¬R(x1 , x3 )




∧ ∀x1 x2 . R(x1 , x2 ) ∨ ∀x1 x2 . ¬R(x1 , x2 ) ∨ ∃y1 y2 . y1 6= y2 .

Several remarks regrading the shape of the resulting formulas in Theorem 8
are in order. (a) Although the elimination of ∃P potentially introduces new
(dis)equations, these only involve existentially quantified and free variables. This
means, the separation conditions are not violated by these newly introduced
equations. Hence, the introduction of these atoms in one elimination step does not
pose an obstacle to the iterated elimination of multiple existential second-order
quantifiers. (b) As the subformulas χ∗1 (vi2 , z̄) may contain universal quantifiers
∀w and atoms R(. . . w . . . vi2 . . .), the separateness condition regarding universally
and existentially quantified variables might be violated when introducing the
subformulas χ∗1 (vi2 , z̄) and, similarly, the subformulas χ∗2 (ui1 , z̄). (c) Perhaps more
severely, the introduction of atoms R(. . . w . . . vi2 . . .) may create a connection
ek and y
ei , if w ∈ x
ek and vi2 ∈ y
ei . Then, the sets x
ek and y
ei are not
between sets x
separated anymore in formulas that contain the new atom. Similar effects might
ek , x
ek0 and y
ei , y
ei0 . Hence, if we were to predict whether elimination of
affect pairs x
both second-order quantifiers in a formula ∃Q∃P. ϕ is possible using the methods
outlined above, we would need to predict which sets of variables will be separated
in the formula that results from eliminating ∃P .
The above observations seem to make it hard to formulate a version of Theorem 8 that clearly facilitates iterative elimination of multiple quantifiers. On
the other hand, it might be worthwhile to base the theorem on a generalization
of the separated fragment that still has a decidable satisfiability problem. The
generalized Bernays–Schönfinkel–Ramsey fragment (GBSR) is described in [9].
In GBSR sentences universally and existentially quantified variables may occur
together in atoms under certain restrictions. Roughly speaking, if the existential
variable is quantified outside the scope of the quantifier binding the universal
variable, the two may occur jointly in atoms. Every GBSR sentence can be transformed into
sentence that is a finite disjunction of formulas of the
V an equivalent
W
form ∃ȳ. i ∀x̄i . j Lij (ȳ, x̄i ) where the Lij are literals. Hence, Observation (b)
might cause fewer troubles in the GBSR setting.
Another interesting aspect is that the symmetry regarding the two Conditions (1) and (2) in Theorem 8 is perhaps more restrictive than necessary. It
seems that Condition (2) is obsolete, as the resulting formula in Lemma 6 could
be generalized in such a way that the restriction imposed by (2) is not satisfied
but second-order quantifiers can still be eliminated.
Altogether, it is subject to future investigations whether Theorem 8 can be
enhanced to facilitate iterative elimination of multiple quantifiers.
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5

Discussion

We have developed a preliminary result regarding the elimination of second-order
quantifiers in a logic fragment that extends the monadic first-order fragment
without equality and the Bernays–Schönfinkel–Ramsey fragment.
Notice that the elimination of ∃P from a formula ∃P. ϕ, where ϕ is a monadic
first-order formula without equality, constitutes a special case of the method
shown in the present note. The reason is that, if every atom contains at most one
variable, then variables cannot occur jointly in atoms. Hence, given a monadic
first-order formula ϕ without equality, any two singleton sets {x}, {y} of variables
are separated in ϕ. Consequently, any formula ∃P. ϕ with monadic ϕ satisfies the
ek and y
ei to be singleton sets
prerequisites of Theorem 8, if we choose the sets x
covering all the variables that occur bound in ϕ.
The presented result can only be a first step towards the formulation of a
novel fragment of second-order logic that (a) extends the monadic second-order
fragment, (b) is based on the concept of separateness of certain variables at the
atomic level, (c) admits elimination of second-order quantifiers, also in an iterated
fashion. The discussion following Theorem 8 already makes clear that a lot remains
to be done, in order to achieve this goal. Furthermore, there seems to be no good
reason to confine ourselves to the elimination of quantifiers over unary predicates,
but aim for higher arities as well. Moreover, (b) can be weakened by taking boolean
structure into account instead of only concentrating on the atoms
in a given

formula. For example, the formula ∃P.∀xy. P (x)∧ P (y)∨R(x, y) does not satisfy
the prerequisites of Theorem 8, as {x} and {y} are not separated and the set
{x, y} contains two variables that occur as arguments of P . However, the theorem

can be applied to the equivalent formula ∃P.∀x1 x2 y. P (x1 ) ∧ P (y) ∨ R(x2 , y) ,
as the sets {x1 } and {x2 , y} are separated and x2 does not occur as argument of
P . As a third possible improvement, equations between universal and existential
variables should be allowed in a less restrictive way than they are in the present
note. To this end, some of the methods that are used to handle equations during
quantifier elimination in the monadic second-order fragment might be applicable
in the more general setting as well.
In the present note we concentrate on transforming the input formulas syntactically until the basic elimination lemma (Lemma 7) is applicable. In future work,
it is of course advisable to also try other known approaches, such as the ones
described in [4], e.g. the SCAN algorithm, the DLS* algorithm, hierarchical theorem proving, or variations thereof. The unmodifed DLS algorithm, as presented
in [4], fails on the logic fragment described in Theorem 8 in the present note.
In particular, the preprocessing phase is not always able to transform the input
into the required form, although this is possible in principle. This is already true

for monadic sentences such as ϕ := ∃P. ∀x∃y. ¬P (x) ∨ P (y) ∧ P (x) ∨ ¬P (y) ,
which is equivalent to ∃P. ∀x∃y. P (x) ↔ P (y). Conradie gave a necessary and
sufficient condition on the syntax of formulas in which DLS can successfully eliminate an existential second-order quantifier [3]. It turns out that the occurrences
of P in ϕ violate Conradie’s condition in many ways. (Every occurrence of P is
in malignant conjunctions and disjunctions and inside a ∀∃-scope.) Nonetheless,
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it is not hard to see that there is a first-order formula that is equivalent to ϕ,
namely true. A slight modification of the DLS preprocessing step in the spirit of
Claim I, used in the proof of Lemma 4, might already solve this particular issue.
Acknowledgement The present author is indebted to the anonymous reviewers
for their constructive criticism and valuable suggestions.
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Approximating Resultants of
Existential Second-Order Quantifier Elimination
upon Universal Relational First-Order Formulas
Christoph Wernhard
TU Dresden, Germany
Abstract. We investigate second-order quantifier elimination for a class
of formulas characterized by a restriction on the quantifier prefix: existential predicate quantifiers followed by universal individual quantifiers
and a relational matrix. For a given second-order formula of this class
a possibly infinite sequence of universal first-order formulas that have
increasing strength and are all entailed by the second-order formula can
be constructed. Any first-order consequence of the second-order formula
is a consequence of some member of the sequence. The sequence provides
a recursive base for the first-order theory of the second-order formula,
in the sense investigated by Craig. The restricted formula class allows
to derive further properties, for example that the set of those members of the sequence that are equivalent to the second-order formula, or,
more generally, have the same first-order consequences, is co-recursively
enumerable. Also the set of first-order formulas that entails the secondorder formula is co-recursively enumerable. These properties are proven
with formula-based tools used in automated deduction, such as domain
closure axioms, eliminating individual quantifiers by ground expansion,
predicate quantifier elimination with Ackermann’s Lemma, Craig interpolation and decidability of the Bernays-Schönfinkel-Ramsey class.

1

Introduction

The objective of second-order quantifier elimination is to compute from a given
second-order formula a so-called resultant (from German Resultante, used by
Schröder [17]), that is, an equivalent first-order formula. Finding such a resultant is not in general possible for arbitrary second-order formulas. The early
technical investigations of second-order quantifier elimination on the basis of
first-order logic were done jointly with the early investigations of the decision
problem: Löwenheim [14], Skolem [18] and Behmann [3] gave decision methods
for relational1 monadic2 formulas with equality. Their methods are based on
existentially quantifying upon all predicates in the formula to decide and computing a resultant by elimination. The obtained resultant of a relational monadic
formula is then a truth value constant or a formula that just constrains domain
cardinality (see, e.g., [23]).
Whereas much is known today about decidable fragments of first-order logic,
see, e.g., [4], knowledge about fragments on which second-order quantifier elim1
2

No function symbols with exception of individual constants.
No predicate symbols with arity larger than one.
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ination succeeds seems still scarce [12]. Ackermann [1] was the first to publish3
a proof that second-order quantifier elimination on the basis of first-order logic
does not succeed in general, by means of a second-order formalization of the
induction axiom. Conradie [5] formulated quite specific syntactic conditions under which the modern DLS algorithm [7] for second-order quantifier elimination succeeds. However, it appears that for the case of simultaneous elimination
of multiple existential predicate quantifiers only a sufficient condition has been
found. In addition, DLS as considered there does not cover the relational monadic
case. Van Benthem and Doets [21] consider three classes of relational formulas
with existential second-order quantifier prefix, distinguished by the subsequent
first-order quantifier prefix: existential first-order quantifiers, universal first-order
quantifiers, and first-order quantifier prefixes of the form ∀x1 . . . ∀xm ∃y1 . . . ∃yn .4
As shown in [21], formulas with arbitrary further first-order prefixes can be converted to the latter class by Skolemization. For the second class, it is sketched in
[21] with model theoretic arguments that a resultant exists which is an (infinite)
disjunction of an (infinite) conjunction of first-order formulas.
Here we will take a closer look on that second class, applying formula-based
tools that are used in automated deduction. In particular, our toolkit comprises
domain closure axioms as familiar from logical modeling of database semantics,
formula normalization and elimination of first-order quantifiers by ground expansion, second-order quantifier elimination by rewriting with an equivalence of
a second-order formula of a certain form to a first-order formula (Ackermann’s
Lemma [1]), a strengthening of Craig interpolation that can be proven with a
tableau technique, and decidability of the Bernays-Schönfinkel-Ramsey class.
The main original motivation was to explore possible foundations for applying
instance-based [2] techniques as known for theorem proving also to solve elimination tasks. Their underlying principle is Herbrand’s theorem, which justifies
reducing unsatisfiability of a first-order formula to unsatisfiability of a propositional formula obtained by eliminating first-order quantifiers through ground
expansion with terms constructed from the input vocabulary. The general idea of
instance-based methods for theorem proving is to successively generate conjunctions of instances of the universally quantified input formulas and test these for
propositional unsatisfiability. In presence of various techniques to avoid naive
explicit expansion and the ability of recent SAT solvers to handle quite large
propositional formulas this a practically feasible approach to first-order theorem
proving. Thus, the question came up, whether there are quantifier-free formula
expansions that are large enough to ensure that elimination can be performed
on these instead of the original formula, in analogy to detecting unsatisfiability.
With the expectation of considering an important but somehow easier special case we focus on relational formulas, which underlie most formalizations
of databases. Of course, functions can be represented by predicates, such that
3
4

[15, p. 336] and a letter by Ackermann dated 1 November 1928 [22] suggest that
Löwenheim earlier obtained similar results.
That these classes are restricted to relational formulas can be guessed from the
symbolic notation in [21] (actually only the case with a single unquantifed predicate seems considered there) and the observation that if function symbols would be
permitted, then the second class would be as expressive as the third one.
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without restriction on quantification, the relational property is not a limitation
of expressive power. We focus on the restriction to universal relational formulas. In Skolemized form, formulas of the Bernays-Schönfinkel-Ramsey class are
such formulas. Typically, in contrast to many resolution-based methods [10],
instance-based methods decide universal relational formulas. An intuitive argument is that these formulas trivially have a largest expansion that needs to be
considered to determine satisfiability. Do they also have in some sense a largest
expansion that needs to be considered for elimination?
The obtained results are not as positive as desired, but at least shed some
light on the properties of elimination problems with certain quantification restrictions. The considered formulas have an existential second-order quantifier
prefix, followed by a universal first-order prefix and a quantifier-free formula. It
is shown that for such a second-order formula F a sequence {G0 , G1 , G2 , . . .}
of universal relational first-order formulas that have (not necessarily strictly)
increasing strength and are all entailed by F can be constructed. Any first-order
consequence of F is a consequence of some Gi . Formula F has a resultant if and
only if it is equivalent to some Gi . The set of the formulas Gi that constitute a
resultant of F or, more generally, have the same first-order consequences as F
is co-recursively enumerable. Also the set of first-order formulas that entail F is
co-recursively enumerable.
Craig [6] considered the question of constructing a so-called base for a given
formula with existential second-order prefix, that is, a recursive set of firstorder formulas whose set of consequences is identical to the set of first-order
consequences of the given second-order formula. He notes that this corresponds
to a weakened version of Ackermann’s [1] generalized notion of resultant. Our
construction of {G0 , G1 , G2 , . . .} can be viewed as construction of a monotonic
base, actually with similar techniques as in [6], but where the restriction to
universal relational formulas allows to derive additional properties.
The rest of the paper is structured as follows: Notation and definitions of
the considered formula classes are introduced in Sect. 2 and the toolkit of the
used techniques is specified in Sect. 3. In Sect. 4 then the main results are
stated, proven and informally described, followed by a discussion of related work,
potential applications and open issues in Sect. 5. Section 6 concludes the paper.

2

Notation and Preliminaries

We consider second-order formulas where second-order quantification is just
upon predicates (in contrast to functions), or, in other words, first-order formulas
extended by second-order quantification upon predicates. They are constructed
from atoms (including equality atoms), constant operators >, ⊥, the unary operator ¬, binary operators ∧, ∨ and quantifiers ∀, ∃ with their usual meaning.
Further binary operators →, ←, ↔, as well as n-ary versions of ∧ and ∨ can be
understood as meta-level notation. The operators ∧ and ∨ bind stronger than
→, ← and ↔. The scope of ¬, the quantifiers, and the n-ary connectives is the
immediate subformula to the right.
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A subformula occurrence has in a given formula positive (negative) polarity if
it is in the scope of an even (odd) number of negations. A vocabulary is a set of
symbols, that is, predicate symbols (briefly predicates), function symbols (briefly
functions) and individual symbols. (Function symbols are assumed to have an
arity ≥ 1. Individual symbols are not partitioned into variables and constants.
Thus, an individual symbol is – like a predicate in second-order logic – considered
as variable if and only if it is bound by a quantifier.) The set of symbols that
occur free in a formula F is denoted by V(F ), the set of predicate symbols that
occur free in F by VP (F ), and the set of individual symbols that occur free in F
(commonly termed the set of constants occurring in F ) by VC (F ). The arity of
a predicate or function symbol s is denoted by arity(s).
We use straightforward shorthands based on sequences of terms for expressing
application of predicates and functions to arguments, simultaneous comparison
of multiple terms and quantifying upon multiple variables: If t = t1 , . . . , tn is
an n-ary sequence of terms, and s is an n-ary predicate or function symbol, we
write st for s(t1 , . . . , tn ), or, in case n = 0, for s, respectively. If t = t1 , . . . , tn
and u = u1 , . . . , un are both n-ary sequences of terms, we write t = u for
t1 = u1 ∧ . . . ∧ tn = un and t 6= u for ¬(t = u). If x = x1 , . . . , xn is a sequence
of individual symbols or of predicates, we write ∃s (∀s, resp.) for ∃s1 . . . ∃sn
(∀s1 . . . ∀sn , resp.).
We consider three specific formula classes whose members are constructed as
a second-order quantifier prefix followed by a first-order quantifier prefix and a
quantifier-free relational formula of first-order logic with equality. These classes
are characterized by restrictions on the second-order and first-order prefix as
shown in the following table, where the r in the class names points out the
restriction to relational formulas:
Formula class Second-order prefix
First-order prefix
∀r-formulas

∃∀r-formulas

∃∀r-formulas

empty
empty
∃p1 . . . ∃pm

∀x1 . . . ∀xn
∃x1 . . . ∃xm ∀y1 . . . ∀yn
∀x1 . . . ∀xn

The class ∀r-formulas is the class of universal relational first-order formulas. The
class ∃∀r-formulas is also known as Bernays-Schönfinkel-Ramsey class.
If F, G are formulas, we write F |= G for F entails G; |= F for F is valid ;
and F ≡ G for F is equivalent to G, that is, F |= G and G |= F . If I is an
interpretation and F is a formula, we write I |= F for I is a model of F .

3

Underlying Toolkit

We now specify the technical background underlying the proofs of the main results. It is essentially a small toolkit of formula-based concepts and construction
techniques used in automated deduction.
3.1

Second-Order Quantifier Elimination

The objective of second-order quantifier elimination is to compute for a given
second-order formula a first-order resultant, which is characterized as follows:
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Definition 1 (Resultant). A resultant of a second-order formula F is a formula F 0 such that
1. F 0 is first-order,
2. F 0 ≡ F ,
3. V(F 0 ) ⊆ V(F ).

It follows immediately from condition 2. of Def. 1 that all resultants of a given
formula are equivalent. Hence, we also speak of the resultant of a second-order
formula. From conditions 1. and 3. it follows that none of the quantified predicates possibly occurring in F do occur in F 0 . They are, so-to-speak, “forgotten”
in F 0 .
The following proposition shows an equivalence of a second-order formula
with a certain shape and a first-order formula, due to Ackermann [1]. It can be
applied to compute the resultant of a second-order formula that matches its left
side by rewriting with the right side. The DLS algorithm [7,5] for second-order
quantifier elimination surrounds such rewriting steps with pre- and postprocessing operations.
Proposition 2 (Ackermann’s Lemma [1]). Let p be an n-ary predicate, let G
and H be first-order formulas such that p does not occur in G, let x = x1 , . . . , xn
be a sequence of distinct individual symbols that do not occur bound in G and
do not occur in H. Let H[p 7→ G] stand for H with each occurrence of atoms
p(t1 , . . . , tn ) whose predicate is p replaced by G{x1 7→ t1 , . . . , xn 7→ tn }, that is,
G under the substitution that maps xi to ti , for i ∈ {1, . . . , n}. If p does not
occur with positive polarity in H, then
∃p (∀x(px ∨ G) ∧ H) ≡ H[p 7→ G].

Ackermann’s lemma also holds in a dual variant: If p does not occur with negative
polarity in H, then ∃p (∀x(¬px ∨ G) ∧ H) ≡ H[p 7→ G]. For quantifier-free
formulas (also with function symbols) with an existential second-order prefix, it
is always possible to compute a resultant on the basis of Ackermann’s lemma,
as demonstrated with the following algorithm:
Algorithm 3 (Second-Order Quantifier Elimination upon QuantifierFree Formulas).
Input: An formula that consists of a prefix of existential predicate quantifiers
followed by a quantifier-free formula of first-order logic with equality.
Method: Starting with the input formula, repeatedly eliminate the innermost
existential second-order quantifier with the following method: Given is a formula
∃p F , where F is quantifier-free. Convert F to disjunctive normal form K1 ∨ . . . ∨
Kn , where each disjunct is a conjunction of literals. Propagate the second-order
quantifier inwards to obtain the formula ∃p K1 ∨ . . . ∨ ∃p Kn , which is equivalent
to ∃p F . Eliminate ∃p in each disjunct individually: Arrange the disjunct in the
form
∃p (pt1 ∧ . . . ∧ ptk ∧ ¬pu1 ∧ . . . ∧ ¬pul ) ∧ K 0 ,
where p does not occur in K 0 and k, l ≥ 0. Rewrite this formula to the equivalent
formula
∃p (∀x (px ∨ x 6= t1 ∧ . . . ∧ x 6= tk ) ∧ ¬pu1 ∧ . . . ∧ ¬pul ) ∧ K 0 ,
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where x is a sequence of fresh individual symbols whose length is the arity of p.
Apply Ackermann’s Lemma (Prop. 2) to rewrite this formula to its resultant
(u1 6= t1 ∧ . . . ∧ u1 6= tk ) ∧ . . . ∧ (ul 6= t1 ∧ . . . ∧ ul 6= tk ) ∧ K 0 .

Combine these individual resultants disjunctively to obtain a resultant of ∃p F .
Output: A resultant of the input formula.
Algorithm 3 also justifies the computation of resultants of formulas of the
form
∃p1 . . . ∃pm ∃x1 . . . ∃xn F,
(i)

where F is quantifier-free. These are the formulas of the first of the three classes
with existential second-order quantification explicitly considered in [21] as mentioned in the introduction, now generalized by allowing function symbols. Formula (i) is equivalent to ∃x1 . . . ∃xn ∃p1 . . . ∃pn F , obtained by switching the firstand second-order quantifier prefix. If F 0 is a resultant of ∃p1 . . . ∃pn F , obtained
for example with Algorithm 3, then ∃x1 . . . ∃xn F 0 is a resultant of (i).
Algorithm 3 can be considered as a specialized variant of DLS [7], with a
simpler pre- and postprocessing that just suffices to handle predicate quantification applied to quantifier-free first-order formulas. In [6] a similar technique
is used and some refinements are shown. In [9] a further variant of DLS is introduced that computes resultants of quantifier-free formulas under existential
second-order quantification, however constrained such that all occurrences of a
quantified predicate are replaced by the same “witness” formula, whereas in Algorithm 3 it is allowed that in the processing of each disjunct Ki a different
formula (x 6= t1 ∧ . . . ∧ x 6= tk ) is used to replace p. In fact, the algorithm from
[9] can be considered as based on Algorithm 3, but followed by a second step
in which the different replacement formulas in each disjunct are combined to a
single witness that is suitable as replacement in all disjuncts. The necessity of
only a single replacement formula is imposed by the restricted form of secondorder quantifier elimination through finding a witnesses that is considered in [9],
which can be also viewed as finding a Boolean unifier and as finding a particular
solution of the Boolean solution problem [24].
3.2

Domain Closure Axioms and Restricted Prefixes

The domain closure axiom, which restricts the universe of discourse to just those
individuals denoted by constants in the given formula, emerged as a tool for
the logical modeling of relational databases [16]. Following [8], we consider a
generalized variant that in addition permits a fixed number of further objects.
Definition 4 (Domain Closure Axiom). Let C = {c1 , . . . , cn } be a nonempty
set of individual symbols, let k ∈ N0 , and assume that x, y1 , . . . , yk are individual
symbols that are not in C. Define
DCAkC def
= ∃y1 . . . ∃yk ∀x (x = y1 ∨ . . . ∨ x = yk ∨ x = c1 ∨ . . . ∨ x = cn ).

It is possible, to specify domain closure axiom with a formula as parameter
whose free individual symbols are taken as considered set C. However, considered as a function of formulas, domain closure axiom is then not “semantic”,
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that is, it might have semantically different values for semantically equivalent
argument formulas, which, despite being equivalent, might have different sets of
free individual symbols. To avoid “non-semantic” functions of formulas, we use
here a version of domain closure axiom that is explicitly parameterized with a
set C of individual symbols.
Domain closure axioms play a role in general domain circumscription [8]. As
shown with [8, Thm. 6.1], the domain circumscription of an ∀r-formula F such
that VC (F ) 6= ∅ is equivalent to DCA0C ∧ F , where C = VC (F ).
The remaining propositions in this section show properties of first-order formulas with restricted quantifier prefixes conjoined with domain closure axioms.
Roughly, the intuition there is that for these formulas the addition of domain
closure axioms does not essentially alter the semantics, but allows to eliminate
first-order quantification by ground expansion with respect to the finite set of
symbols presupposed in the domain closure axioms. The underlying core property is that from a model of an ∃∀r-formula a further model can be derived that
in addition also satisfies the domain closure axiom with respect to length of the
existential quantifier prefix and the free individual symbols:
Proposition 5 (Domain Closure Extension for ∃∀r-Formulas). Let F be
an ∃∀r-formula and let I be an interpretation such that I |= F . Then for all
non-empty sets C ⊇ VC (F ) of individual symbols and for all natural numbers k
larger than or equal to the length of the existential quantifier prefix of F there
exists an interpretation I0 such that
1. I0 |= DCAkC ∧ F.
2. For all ground atoms A constructed from predicates in F and individual
symbols in C it holds that I |= A iff I0 |= A.
This proposition is not hard to prove by considering the submodel of I obtained
by restricting the domain to the union of the ≤ k individuals whose existence
is presupposed by the existential quantifier prefix of F and the set of the values
of the members of VC (F ) in I. From this proposition it follows that if an ∃∀rformula conjoined with a suitable domain closure axiom entails an ∀∃r-formula,
then also the ∃∀r-formula alone entails that formula:
Proposition 6 (Redundancy of Domain Closure for ∃∀r-∀∃r Entailments).
Let F be an ∃∀r-formula and let G be an ∀∃r-formula, let C ⊇ VC (F ) ∪ VC (G)
be a non-empty set of individual symbols, and let k be a natural number that is
larger than or equal to the sum of the length of the existential quantifier prefix
of F and the length of universal quantifier prefix of G. It then holds that
if DCAkC ∧ F |= G, then F |= G.
Proof. Assume the left side of the proposition, that is, DCAkC ∧ F |= G. Assume
further that the right side does not hold. Then there exists an interpretation I
such that I |= F ∧ ¬G. Observe that F ∧ ¬G is equivalent to an ∃∀r-formula
with k existential quantifiers. Thus, by Prop. 5 there exists an interpretation I0
such that I0 |= DCAkC ∧ F ∧ ¬G. With the assumption DCAkC ∧ F |= G it then
follows that I0 |= G ∧ ¬G, which contradicts with I0 being an interpretation. t
u
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From this proposition it follows that the semantics of ∀r-formulas F is preserved
under conjunction with a suitable domain closure axiom:
Proposition 7 (Semanticity of Domain Closure for ∀r-formulas). Let
F, G be ∀r-formulas, let C ⊇ VC (F ) ∪ VC (G) C be a non-empty set of individual symbols, and let k be a natural number that is larger than or equal to the
maximum of the quantifier prefix lengths of F and G. It then holds that
if DCAkC ∧ F ≡ DCAkC ∧ G, then F ≡ G.

Proof. Follows from Prop. 6.
3.3

t
u

Resultants of ∃∀r-formulas are Universal

Based on a strengthening of Craig’s interpolation theorem it can be shown that
whenever an ∃∀r-formula has a resultant, then the resultant is equivalent to an
∀r-formula, and, moreover, that there is an effective method to compute for any
given resultant of an ∃∀r-formula such an equivalent ∀r-formula. Before we state
this as a proposition, we show the underlying interpolation property:
Proposition 8 (Interpolants with ∃∀r-Formula on the Left). Let F be an
∃∀r-formula and let G be a first-order formula such that F |= G. Then there is
an effective method to compute from given F and G a formula H such that
1.
2.
3.
4.

H is an ∀r-formula.
F |= H |= G.
VP (H) ⊆ VP (F ) ∩ VP (G).
VC (H) ⊆ VC (F ).

Proof. Let G0 be G conjoined with tautologies such that VC (G0 ) ⊇ VC (F ),
whereas VP (G0 ) = VP (G) and G0 ≡ G. Let F 0 be the ∀r-formula obtained
from F by renaming the quantified predicates with fresh symbols and dropping
the second-order prefix. Compute H as Craig interpolant of F 0 and G0 with the
tableau-based interpolant construction method described in [19] and [11]. Conditions 2.–4. of the proposition follow from the properties of Craig interpolants:
F 0 |= H |= G0 implies F |= H |= G; from V(H) ⊆ V(F 0 ) ∩ V(G0 ) it follows, since
VP (F 0 ) = VP (F ) and VP (G0 ) = VP (G), that VP (H) ⊆ VP (F ) ∩ VP (G), and,
since VC (F 0 ) = VC (F ) ⊆ VC (G0 ), that VC (H) ⊆ VC (F ). Condition 1. follows
from particular features of the interpolant construction method of [19,11], where
an existential quantifier in the interpolant would not be introduced if the left
formula of the interpolation is universal and all individual symbols that occur
free in the left formula also occur free in the right formula.
t
u
Proposition 9 (Resultants of ∃∀r-Formulas are Universal). A resultant of
an ∃∀r formula F is equivalent to an ∀r-formula. Moreover, there is an effective
method to compute from F and any given resultant a resultant that is an ∀rformula.

Proof. Assume that G is an arbitrary resultant of F . Thus F ≡ G. Let H be
computed from F and G according to Prop. 8. It is easy to verify that H an
∀r-formula and is a resultant of F .
t
u
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4

Approximating Resultants of ∃∀r-formulas

The main results of the paper are now shown: For a given ∃∀r-formula F a
sequence {G0 , G1 , G2 , . . .} of universal first-order formulas that have (not necessarily strictly) increasing strength and are all entailed by F can be constructed.
Any first-order consequence of F is a consequence of some Gi . Formula F has
a resultant if and only if it is equivalent to some Gi . However, only methods
are provided to detect that the consequences of a given Gi do not include all
first-order consequences of F , or, respectively, Gi is not equivalent to F . This
leads to co-recursive enumerability of the first-order formulas that are equivalent
to F or entail F , directly in case F has a resultant, or with respect the firstorder consequences of F in case it has no resultant. Theorem 11 below makes
this precise and shows further properties of the formulas Gi , some of which are
underlying the proofs of the mentioned results. First the theorem is stated and
proven formally, then the individual claimed properties are described informally.
The following definition is used in the statement of Theorem 11. It specifies
notions of entailment and equivalence of second-order formulas modulo the sets
of entailed first-order formulas.
Definition 10 (Entailment and Equivalence Modulo First-Order Consequences). For second-order formulas F, G define
(i) F |=FO G if and only if for all first-order formulas H it holds that if G |= H,
then F |= H.
(ii) F ≡FO G if and only if F |=FO G and G |=FO F .

These notions are helpful to express properties of second-order formulas that
possibly have no resultant. Their meaning is identical to the standard notions
of entailment and equivalence, respectively, if no such second-order formulas
are involved: If G is a first-order formula or a second-order formula that has
a resultant, then, also in the case where F is a second-order formula, it holds
that F |=FO G if and only if F |= G. If each of F and G is first-order or has a
resultant, then F ≡FO G if and only if F ≡ G.
Theorem 11 (Approximating Resultants of ∃∀r-formulas). Let F be an
∃∀r-formula and let C ⊇ VC (F ) be a nonempty set of individual constants. Then
there exist ∀r-formulas G0 , G1 , G2 , . . . such that
The set {G0 , G1 , G2 , . . .} is recursive.
G0 =| G1 =| G2 =| . . . =| F.
For all i ∈ N0 it holds that DCAiC ∧ Gi ≡ DCAiC ∧ F.
For all i, j ∈ N0 such that i ≤ j it holds that DCAiC ∧ Gi |= DCAjC ∧ Gj .
For all i ∈ N0 it holds that F has a resultant that is an ∀r-formula with
quantifier prefix length i if and only if Gi ≡ F.
(f ) F has a resultant if and only if there exists a k ∈ N0 such that Gk ≡ F.
(g) For all i ∈ N0 and ∀r-formulas H with quantifier prefix length i it holds that
F |= H if and only if Gi |= H.
(h) There is an effective method to compute from F and a given first-order
formula H such that F |= H a number k ∈ N0 such that Gk |= H.
(a)
(b)
(c)
(d)
(e)
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(i) The set {i | i ∈ N0 and Gi ≡FO F } is co-recursively enumerable.
(j) The set {i | i ∈ N and Hi |=FO F }, where {H1 , H2 , H3 , . . .} is the set of all
∃∀r-formulas, is co-recursively enumerable (under assumption of a countable
vocabulary).
Proof. Let

F = ∃p1 . . . ∃pn ∀x1 . . . ∀xm F 0 ,

where F 0 is quantifier-free. Let F 0 [a1 , . . . , am ] denote F 0 with xi replaced by
some individual symbol ai , for all i ∈ {1, . . . , m}. Let U be a set {u1 , u2 , u3 , . . .}
of individual symbols that are not in C and let Ui denote {u1 , . . . , ui }. For i ∈ N0
construct Gi as
Gi def
= ∀u1 . . . ∀ui G0i ,
where G0i is the resultant, computed by Algorithm 3, of the following formula:
^
∃p1 . . . ∃pn
F 0 [a1 , . . . , am ].
a1 ,...,am ∈C∪Ui

The following semantic property of Gi , for all i ∈ N0 , then immediately follows
from the construction of Gi :
(∗)

Gi ≡ ∀u1 . . . ∀ui ∃p1 . . . ∃pn

V

a1 ,...,am ∈C∪Ui

F 0 [a1 , . . . , am ].

(a) Follows from the construction of the formulas Gi : For any given first-order
formula whose universal first-order quantifier prefix has length i ≥ 0 it can be
decided whether it is a member of {G0 , G1 , G1 , . . .} by comparing it syntactically
with Gi .
(b) Let i, j ∈ N0 that i ≤ j. Since then Uj ⊇ Ui it follows that
^
^
F 0 [a1 , . . . , am ] |=
F 0 [a1 , . . . , am ].
a1 ,...,am ∈C∪Uj

a1 ,...,am ∈C∪Ui

With (∗) this implies Gj |= Gi . To conclude the proof of (b) we show that for
an arbitrary number i ∈ N0 it holds that F |= Gi . This can be proven in the
following steps, where the last step, the contraction into Gi , is justified by (∗):
≡
|=
|=
≡

F
∃p1 . . . ∃pn ∀x1 . . . ∀xmV
F0
∃p1 . . . ∃pn ∀u1 . . . ∀ui a1 ,...,am ∈C∪Ui F 0 [a1 , . . . , am ]
V
∀u1 . . . ∀ui ∃p1 . . . ∃pn a1 ,...,am ∈C∪Ui F 0 [a1 , . . . , am ]
Gi .

(c) The right-to-left direction follows immediately from (b). The left-to-right
direction can be shown in the following steps, where the expansion of Gi at the
first step is justified by (∗):
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≡
≡
|=
≡
≡
≡

DCAiC ∧ Gi
V
DCAiC ∧ ∀u1 . . . ∀ui ∃p1 . . . ∃pn a1 ,...,am ∈C∪Ui F 0 [a1 , . . . , am ]
∃u1 . . . ∃ui DCA0C∪Ui ∧ V
∀u1 . . . ∀ui ∃p1 . . . ∃pn a1 ,...,am ∈C∪Ui F 0 [a1 , . . . , am ]
V
∃u1 . . . ∃ui (DCA0C∪Ui ∧ ∃p1 . . . ∃pn a1 ,...,am ∈C∪Ui F 0 [a1 , . . . , am ])
∃u1 . . . ∃ui DCA0C∪Ui ∧ ∃p1 . . . ∃pn ∀x1 . . . ∀xm F 0
DCAiC ∧ ∃p1 . . . ∃pn ∀x1 . . . ∀xm F 0
DCAiC ∧ F.

(d) From i ≤ j it follows that DCAiC |= DCAjC . By (c) we can conclude
DCAiC ∧ Gi ≡ DCAiC ∧ F |= DCAjC ∧ F ≡ DCAjC ∧ Gj .

(e) The right-to-left direction follows immediately from the construction of
Gi : If Gi ≡ F , then Gi clearly is a resultant of F that is an ∀r-formula with
quantifier prefix length i. The left-to-right direction can be show as follows:
Assume that there exists an ∀r-formula H with quantifier prefix length i that is
a resultant of F . Since H ≡ F it follows from (c) that
DCAiC ∧ Gi ≡ DCAiC ∧ H.

This equivalence matches the precondition of Prop. 7 that lets us deduce Gi ≡ H,
implying Gi ≡ F .
(f ) Follows from (e) and Prop. 9.

(g) The right-to-left direction follows immediately from (b). The left-to-right
direction can be shown in the following steps, where the last two equivalences
follow from (c) and Prop. 6, respectively:
F |= H implies DCAiC ∧ F |= H iff DCAiC ∧ Gi |= H iff Gi |= H.

(h) By Prop. 8, we can compute from F and H an ∀r-formula K such that
F |= K |= H. Let k be the length of the quantifier prefix of K. From (g) it
follows that Gk |= K, hence Gk |= H.
(i) The following algorithm halts for a given i ∈ N0 if and only if Gi 6≡FO F :
Let j be an integer variable that satisfies the invariant j > i and is initialized
to i + 1. Proceed in a loop: Test whether Gi 6|= Gj , that is, whether Gi ∧ ¬Gj
is satisfiable. Since Gi and Gj are ∀r-formulas, Gi ∧ ¬Gj is an ∃∀r-formula, and
thus decidable. If the test succeeds, then halt, else increment j by 1 and re-enter
the loop.
That the algorithm indeed halts if and only if Gi 6≡FO F can be shown as
follows: By (b) it holds that F |= Gi . Hence Gi 6≡FO F if and only Gi 6|=FO F .
Consider the case Gi 6|=FO F and first the subcase where there exists a natural
number j > i such that Gi 6|= Gj . Then the satisfiability test in the algorithm
eventually succeeds and the algorithm halts. Now consider the alternate subcase
where no such number j exists. From (b) it then follows that for all l ∈ N0 it holds
that Gi |= Gl . With (h) we can conclude that it holds for all first-order formula
H that if F |= H, then Gi |= H. Hence Gi |=FO F , contradicting the assumption
Gi 6|=FO F made for that case, and thus yielding the alternate subcase impossible.
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Now consider the case Gi |=FO F . From the definition of |=FO it follows that for
all j ≥ 0 it holds that if F |= Gj , then Gi |= Gj . With (b) it follows that for
all j ≥ 0 it holds that Gi |= Gj , which implies that the satisfiability test in the
algorithm never succeeds and the algorithm thus loops forever.
(j) The following algorithm halts for a given ∃∀r-formula H if and only if
H 6|=FO F : Let j be an integer variable that is initialized to 0. Proceed in a loop:
Test whether H 6|= Gj , that is, whether H ∧ ¬Gj is satisfiable. Since H is an ∃∀rformula and Gi is an ∀r-formula, H ∧ ¬Gj is an ∃∀r-formula, and thus decidable.
If the test succeeds, then halt, else increment j by 1 and re-enter the loop.
That the algorithm indeed halts if and only if H 6|=FO F follows since H 6|=FO F
holds if and only if there exists a j ∈ N0 such that H 6|= Gj , or, equivalently,
H |=FO F if and only if for all j ∈ N0 it holds that H |= Gj . The left-to-right direction of this equivalence can be proven as follow: Assume the left side H |=FO F .
By expanding |=FO this can be expressed as: For all first-order formulas K it
holds that if F |= K, then H |= K. Hence, for all j ∈ N0 it holds that if F |= Gj ,
then H |= Gj . With (b) it follows that for all j ∈ N0 it holds that H |= Gj ,
that is, the right side. The right-to-left direction of the equivalence to show can
be proven as follows: From (h) it follows that for all first-order formulas K it
holds that if F |= K, then there exists a k ∈ N0 such that Gk |= K. Hence, if for
all i ∈ N0 it holds that H |= Gj , then for all first-order formulas K such that
F |= K it holds that H |= K. By contracting into |=FO , the latter statement can
be expressed as: If for all j ∈ N0 it holds that H |= Gj , then for H |=FO F , that
is, the right-to-left direction of the equivalence to show.
t
u
The formulas Gi whose existence is claimed by Theorem 11 are constructed
from F and i as follows: The first-order quantifiers in F , which are universal,
are eliminated by expansion with respect to the members of C and i additional
individual symbols u1 , . . . , ui . Then a resultant of the obtained formula, that is,
of the second-order quantifier prefix of F applied to the quantifier-free expansion,
is computed. The formula Gi is then obtained by prefixing that resultant, which
is quantifier-free, with existential first-order quantifiers upon u1 , . . . , ui .
By property (b), with increasing i the formulas Gi get (not necessarily strictly)
stronger, and all the formulas Gi are entailed by F .
Property (c) holds invariantly for all i ∈ N0 : Formula Gi “under domain
closure with i existential individuals” (that is, conjoined with DCAiC ) is equivalent
to F under domain closure with the same number of existential individuals. This
property is used in the proofs of (d), (e), and (g).
Property (d), which follows from (c), shows that with increasing i the formulas Gi under domain closure with i existential objects get (not necessarily
strictly) weaker, conversely to the formulas Gi themselves, as shown with (b).
Properties (e) and (f ) show necessary and sufficient conditions for the existence of a resultant of F , and in case of existence give a resultant. The first
of these, (e), states that F has a resultant that is a universal relational formula
with quantifier prefix length i if and only if Gi is equivalent to F . This property
follows from (c) and Prop. 7. With Prop. 9 it leads to (f ), which states that
F has a resultant if and only if it is equivalent to Gk for some k ∈ N0 . The
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right-to-left directions of the respective equivalences Gi ≡ F and Gk ≡ F are
immediate from (b), such that the existence of a resultant can be also characterized with just the entailments Gi |= F and Gk |= F , respectively, instead.
These entailments have F on their right side, a second-order formula, such that,
differently from first-order logic, there is in general no algorithm that halts if
and only if such an entailment holds.
Property (g) shows that F and Gi have the same ∀r-formulas with quantifier
prefix length i as consequences. This follows from (c) and Prop. 6. It is used
together with the strengthened Craig interpolation property Prop. 8 to prove (h),
by which any first-order consequence of F is a consequence of some Gk , and,
moreover, such an index k can be effectively computed from F and the given
consequence. Property (h) is applied to prove (i) and (j).
Properties (i) and (j) show certain settings where co-recursive enumerability
with respect to equivalence and entailment, respectively, of the second-order
formula F can be established. Property (i) states that the set of (the index
numbers i of) the formulas Gi that are different from F with respect to their
first-order consequences is recursively enumerable. This means that there is an
algorithm that halts for given i if and only if Gi is not a formula with the
same first-order consequences as F . If F has a resultant, this is equivalent to
the statement that Gi is not a resultant of F . Property (i) is proven by giving
such an algorithm and showing its correctness with referring to (b) and (h).
By (b) the negated equivalence Gi 6≡FO F can also be expressed as the negated
entailment Gi 6|=FO F , which in the case where F has a resultant is equivalent
to Gi 6|= F . From the perspective of trying to find a resultant of F or, more
generally, a formula with the same first-order consequences as F , the property (i)
only justifies a method to exclude failing candidate formulas Gi .
Property (j) states that the set of (the code numbers in some arithmetization
of syntax of) the first-order formulas that do not entail F with respect to its
first-order consequences is recursively enumerable. This means that there is an
algorithm that halts for a given first-order formula H and only if H 6|=FO F .
Like (i), this property is proven by giving such an algorithm and showing its
correctness with referring to (b) and (h). The property justifies a method that
detects for a given first-order formula H in the case where F has a resultant that
F is not a consequence of H, and in the case where F has no resultant that not
all first-order consequences of F are included in the consequences of H.

5

Discussion and Open Issues

In this section, Craig’s work [6] on recursive bases is briefly compared, attempts
are made to place the results of Theorem 11 in the context of applications of
second-order quantifier elimination, open issues are shown, and potential directions for further research are indicated.
Comparison to Craig’s Construction of Recursive Bases. The setting
in [6] is more general and comprehensive: First-order formulas under existential
second-order quantification are considered without assuming syntactic restrictions and also the case without equality is considered. Our syntactic restriction
allows an apparently simpler construction of the approximation formulas Gi for
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which monotonicity (i.e., G0 =| G1 =| G2 =| . . .) directly follows. The restriction
also allows to derive further properties of the approximation formulas: They are
universal and the length of their quantifier prefix is related to that of entailed
universal first-order consequences of the second-order formula. Decidability of
specific entailment problems, which is implied by the syntactic restrictions, leads
to co-recursive enumerability of certain sets.
Our construction of an approximation formula Gi for a second-order formula
F = ∃p F 0 where F 0 is first-order involves the construction of a first-order prefix
Qi and of an intermediate quantifier-free formula Fi0 such that F = ∃p F 0 |=
∃pQFi0 |= Q∃pFi0 ≡ Gi . The setting in [6] is the same, except that the first
entailment is replaced by an equivalence, that is, it holds that ∃p F 0 ≡ ∃pQFi0 .
Actually, the techniques in [6] seem even to preserve F 0 ≡ QFi0 . Of course, more
weakly constrained transformations, in our case mainly justified through the use
of domain closure axioms, are favorable. However, it remains to be investigated in
how far the weaker constraints are made possible through the restricted formula
class and whether there are associated complexity properties.
Entailments Involving Existential Second-Order Formulas. Property (j)
of Theorem 11 can be considered in the context of mechanical verification and
falsification (that is, existence of an algorithm that terminates in case a statement
does hold or does not hold, respectively) of entailments of the forms F |= H and
H |= F , where F is a second-order formula with an existential second-order
quantifier prefix applied to a first-order formula and H is a first-order formula.
An application of the first form F |= H is to verify that a first-order formula
A is semantically independent from predicates p1 . . . , pn , which can be expressed
as ∃p1 . . . ∃pn A |= A. The first form F |= H is straightforwardly accessible to
verification: The set {i | i ∈ N and F |= Hi }, where {H1 , H2 , H3 , . . .} is the set
of all first-order formulas, is recursively enumerable, which follows from recursive
enumerability of the set of (the code numbers of) the valid first-order formulas.
The entailment F |= Hi is equivalent to the first-order entailment F 0 |= Hi ,
where F 0 is obtained from F by dropping the second-order prefix and renaming
the quantified predicates with fresh symbols. The entailment F 0 |= Hi can then
be expressed as validity of F 0 → Hi . Moreover, if F and Hi are restricted such
that F 0 ∧ ¬Hi belong to a decidable formula class, then {i | i ∈ N and F |= Hi }
is recursive, allowing then also to falsify entailments of the form F |= H.
An application of the second form H |= F is expressing for first-order formulas A and B that A ∧ B is a conservative extension of A as the entailment
A |= ∃p1 . . . ∃pn (A ∧ B), where p1 , . . . , pn are the predicates that occur in B but
not in A. Justified by property (j) of Theorem 11, the second form H |= F (if
restricted to ∃∀r-formulas H and ∃∀-formulas F ) can be mechanically falsified.
To sum up, entailments of the form F |= H can always be verified and
for formula classes that lead to decidable formulas F ∧ ¬H also be falsified.
Property (j) of Theorem 11 extends this, by establishing that also entailments
of the form H |= F can be falsified, for certain formula classes.
Approximate Resultants with Respect to Quantifier Prefix Length.
By property (g) of Theorem 11, the ∃∀r-formula F and the formulas Gi constructed from it have the same ∀r-formulas with quantifier prefix length i as
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consequences. In a sense, the formulas Gi can be considered as capturing the
first-order semantics of F “up to quantifier prefix length i”. This suggests to
consider Gi as resultant of a generalized form of elimination where not just the
existentially quantified predicates are “forgotten”, but also the part of the formula’s meaning that would be only expressible with quantifier prefix length > i.
Exploring this idea is an open issue.
Showing Non-Recursiveness. Properties (i) and (j) of Theorem 11 show
co-recursive enumerability of certain sets related to second-order quantifier elimination. It remains to consider the question whether this is the strongest recursiveness property that can be asserted about these sets, that is, to show whether
they are actually not recursive. It is expected that this holds because the formula
∃f (x ∧ ¬f y ∧ ∀u∀v (¬f u ∨ f v ∨ ¬nuv) used in [1] to show non-existence of a
resultant is actually an ∃∀r-formula.

Potential Approaches for Strengthening the Co-Recursive Enumerability. Of course, it would be of interest, not just for practical application,
to strengthen the co-recursive enumerability of finding resultants and verifying
entailments shown with properties (i) and (j) of Theorem 11 to recursiveness,
at least for special cases. So far, this is an open issue. A direction for further investigation might be trying to determine for certain ∃∀r-formulas the maximally
required quantifier prefix length of the resultant. A further direction could be
ensuring that a semantic fixed point Gk of the sequence G0 , G1 , G2 , . . . subsumes
all Gi with i ≥ k, that is, for all i ≥ k it holds that Gi ≡ Gk . This would follow,
for example, if for all i, j ∈ N0 it holds that if Gi ≡ Gj , then Gi+1 ≡ Gj+1 . A
third direction would be trying to express for all i ≥ k it holds that Gi ≡ Gk in
some algorithmically verifiable way.
Possibly Generalization to Further Formula Classes. Theorem 11 takes
decidability of the Bernays-Schönfinkel-Ramsey class (∃∀r-formulas) as basis to
derive co-recursive enumerability of problems related to computing elimination
resultants of existential second-order quantifiers upon universal relational formulas (∃∀-formulas). This raises the question, whether the techniques applied
there can be generalized to further formula classes.
A straightforward transfer appears to be the computation of resultants of
formulas of the Bernays-Schönfinkel-Ramsey class under existential second-order
quantification, by switching the existential second- and first-order quantifier prefixes and then considering elimination of the inner ∃∀r-formula. However, with
this approach a further source of failure to find resultants sneaks in: There are
∃∃∀r-formulas that have a resultant, but where after the suggested quantifier
switching the obtained inner ∃∀r-formula does not have a resultant. As an example, consider a formula ∃p (x = a∨F ) that does not have a resultant. However,
∃p ∃x (x = a ∨ F ) clearly has for arbitrary formulas F the resultant >.

Avoiding Explicit Ground Expansion. The construction of the approximation formulas Gi described in the proof of Theorem 11 involves ground expansion
of the input formula F . As in instance-based theorem proving, such expansions
are useful as a conceptual construct, but their construction should in practice
usually be avoided as much as possible. With respect to elimination, a poten-
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tial approach might be the use of quantifier relativizations to compactly express
formulas equivalent to expansions. Possibly the resultant required in the construction of Gi can then be computed by applying the elimination method for
single ground atoms described in [13] to the finite number of atoms upon which
the quantifiers are relativized. Also techniques of [6], where quantified formulas
are duplicated by conjoining copies of them, but without performing instantiation, might be relevant here.

6

Conclusion

We have considered second-order quantifier elimination for a class of relational
formulas characterized by a restriction of the quantifier prefix: existential predicate quantifiers followed by universal individual quantifiers. The main original
motivation was to transfer instance-based techniques from automated theorem
proving to second-order quantifier elimination. The technical result, however,
does not indicate an immediate possibility for such a transfer, but gives some
insight into the elimination problem for this class: The set of elimination resultants of a given formula and the set of formulas entailing the given second-order
formula of that class is co-recursively enumerable. Candidate resultants can be
generated, and there is an algorithm that halts on exactly those candidates that
are not a resultant. Similarly, there is a method to detect that a given first-order
formula does not entail the given second-order formula. By comparing formulas
with respect to their first-order consequences, it is possible to express the respective theorem statements in a generalized way that applies to given second-order
formulas independently of whether they have a resultant. These results were
proven on the basis of small number of formula-based tools used in automated
deduction. Actually, the results and involved constructions might be seen as a
specialization to a formula class of Craig’s setting of determining recursive bases
for subtheories of first-order formulas. The hope is that some inspiration and
material for further investigation of “eliminability”, that is, existence of a resultant, or, more generally, of a formula that is equivalent with respect to first-order
consequences, is provided.
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The Boolean Solution Problem
from the Perspective of Predicate Logic
(Abstract)
Christoph Wernhard
TU Dresden, Germany

Finding solution values for unknowns in Boolean equations was, along with
second-order quantifier elimination, a principal reasoning mode in the Algebra
of Logic of the 19th century. Schröder [19] investigated it as Auflösungsproblem
(solution problem). It is closely related to the modern notion of Boolean unification. For a given formula that contains unknowns formulas are sought such that
after substituting the unknowns with them the given formula becomes valid or,
dually, unsatisfiable. Of interest are also most general solutions, condensed representations of all solution substitutions. A central technique there is the method
of successive eliminations, which traces back to Boole. Schröder investigated reproductive solutions as most general solutions, anticipating the concept of most
general unifier.
A comprehensive modern formalization based on this material, along with
historic remarks, is presented by Rudeanu [17] in the framework of Boolean algebra. In automated reasoning variants of these techniques have been considered
mainly in the late 80s and early 90s with the motivation to enrich Prolog and constraint processing by Boolean unification with respect to propositional formulas
handled as terms [14,6,15,16,10,11]. The ΠP
2 -completeness of Boolean unification
with constants was proven only later in [10,11] and seemingly independently in
[1]. Schröder’s results were developed further by Löwenheim [12,13]. A generalization of Boole’s method beyond propositional logic to relational monadic formulas
has been presented by Behmann in the early 1950s [3,4]. Recently the complexity
of Boolean unification in a predicate logic setting has been investigated for some
formula classes, in particular for quantifier-free first-order formulas [8]. A brief
discussion of Boolean reasoning in comparison with predicate logic can be found
in [5].
Here we remodel the solution problem formally along with basic classical
results and some new generalizations in the framework of first-order logic extended by second-order quantification. The main thesis of this work is that it is
possible and useful to apply second-order quantification consequently throughout the formalization. What otherwise would require meta-level notation is then
expressed just with formulas. As will be shown, classical results can be reproduced in this framework in a way such that applicability beyond propositional
logic, possible algorithmic variations, as well as connections with second-order
quantifier elimination and Craig interpolation become visible.
The envisaged application scenario is to let solving “solution problems”, or
Boolean equation solving, on the basis of predicate logic join reasoning modes
Copyright c 2017 by the paper’s authors
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like second-order quantifier elimination (or “forgetting”), Craig interpolation and
abduction to support the mechanized reasoning about relationships between theories and the extraction or synthesis of subtheories with given properties. On
the practical side, the aim is to relate it to reasoning techniques such as Craig
interpolation on the basis of first-order provers, SAT and QBF solving, and
second-order quantifier elimination based on resolution [9] and the Ackermann
approach [7]. Numerous applications of Boolean equation solving in various fields
are summarized in [18, Chap. 14]. Applications in automated theorem proving
and proof compression are mentioned in [8, Sect. 7]. The prevention of certain
redundancies has been described as application of (concept) unification in description logics [2]. Here the synthesis of definitional equivalences is sketched as
an application.
The material underlying the workshop presentation has in part been published as [20] and is described comprehensively in the report [21].
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Early Steps of Second-Order Quantifier
Elimination beyond the Monadic Case:
The Correspondence between Heinrich Behmann
and Wilhelm Ackermann 1928–1934
(Abstract)
Christoph Wernhard
TU Dresden, Germany

This presentation focuses on the span between two early seminal papers on
second-order quantifier elimination on the basis of first-order logic: Heinrich
Behmann’s Habilitation thesis Beiträge zur Algebra der Logik, insbesondere zum
Entscheidungsproblem (Contributions to the algebra of logic, in particular to the
decision problem), published in 1922 as [4], and Wilhelm Ackermann’s Untersuchungen über das Eliminationsproblem der mathematischen Logik (Investigations on the elimination problem of mathematical logic) from 1935 [2].
Behmann developed in [4] a method to decide relational monadic formulas (that is, first-order formulas with only unary predicates and no functions
other than constants, also known as Löwenheim class) that actually proceeds by
performing second-order quantifier elimination with a technique that improves
Schröder’s rough-and-ready resultant (Resultante aus dem Rohen) [22,10]. If all
predicates are existentially quantified, then elimination yields either a truth value
constant or a formula that just expresses with counting quantifiers a cardinality constraint on the domain. Although technically related to earlier works by
Löwenheim [16] and Skolem [23,24], Behmann’s presentation appears quite modern from the view of computational logic: He shows a method that proceeds by
equivalence preserving formula rewriting until a normal form is achieved in which
second-order subformulas have a certain shape for which the elimination result
is known [27,26].
Ackermann laid in [2] the foundation for the two major modern paradigms
of second-order quantifier elimination, the resolution-based approach [12], and
the so-called direct or Ackermann approach [11,13,21], which is like Behmann’s
method based on formula rewriting until second-order subformulas have a certain
shape for which the elimination result is known, however, now based on more
powerful equivalences of second- to first-order formulas, such as Ackermann’s
Lemma. Another result of Ackermann’s paper was a proof that second-order
quantifier elimination on the basis of first-order logic does not succeed in general.
As documented by letters and manuscripts in Behmann’s scientific bequest
[6], between 1922 and 1935 Behmann and Ackermann both thought about possibilities to extend elimination to formulas with predicates of arity two or more.
Behmann gave in 1926 at the Jahresversammlung der Deutschen MathematikerCopyright c 2017 by the paper’s authors
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Vereinigung a talk on the decision problem and the logic of relations (Entscheidungsproblem und Logik der Beziehungen), where he falsely claimed a positive
result. Its abstract, published as [5], aroused the curiosity of Ackermann, who
wrote in August 1928 to Behmann, initiating a correspondence that lasted to
November 1928 and comprises five letters. Among the issues discussed were
forms of what today is called Skolemization. Their correspondence concerning
elimination was resumed in 1934 with a letter sent by Behmann upon receiving
the offprint of [2], where he suggests a graphical presentation of the resolutionbased elimination method by Ackermann [2], and Ackermann’s reply, where,
aside of technical issues, he gratuitously acknowledges that Behmann’s work [4],
at its time, was for him the impetus to investigate the elimination problem more
closely. Their correspondence, as far as archived in [6], then only continues in
January 1953, with five more letters until December 1955, in which different
topics are discussed.
Apparently, there are very few works that are concerned with the history of
second-order quantifier elimination. There is a paper by Craig [10] explicitly dedicated to that subject, with emphasis on Schröder’s work, and in [19] Ackermann’s
results from [2] are discussed and explicitly related to modern approaches. A
variant of Behmann’s method from [4] is provided along with extensive historic
remarks by Church [9, §49]. Further accounts of Behmann’s early work with
main focus on the Hilbert school and the decision problem (Behmann’s talk on
10 May 1921 at the Mathematische Gesellschaft on the topic of [4] seems the
first documented use of the term Entscheidungsproblem (decision problem) [28])
can be found in [17,28,18]. Behmann’s scientific bequest [6] has been registered
in [8], and before in [15]. His correspondence with Gödel has been published
in [14]. A further archive source is his personal file as university professor [7],
where excerpts have been published in [20]. Aside of the correspondence with
Ackermann, also Behmann’s correspondences with Russell, Carnap, Scholz and
Church touch topics related to elimination. Letters from Ackermann’s correspondences published in [1] give further hints on the “pre-history” of Ackermann’s
paper [2]: He sent the manuscript in 1933 to Bernays, who recommended it to
Hilbert for publication and sent six large pages with remarks to Ackermann.
The historical-technical perspective on the archived correspondences and
manuscripts provides interesting insight into the development of modern logic,
including, in particular, computational logic. Often past technical results and
methods that got out of sight turn out to be relevant for the ongoing discourse,
as, for example, shown in [25,19] for results from [2], or in [27] for results from
[4] and [3].
The workshop presentation is based on parts IV and V of the report [26].
Acknowledgments. This work was supported by DFG grant WE 5641/1-1.
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Algorithmic Correspondence and Canonicity for
Possibility Semantics
(Abstract)
Zhiguang Zhao
Delft University of Technology, Netherlands

Unified Correspondence. Correspondence and completeness theory have a
long history in modal logic, and they are referred to as the “three pillars of
wisdom supporting the edifice of modal logic” [22, page 331] together with duality
theory. Dating back to [20,21], the Sahlqvist theorem gives a syntactic definition
of a class of modal formulas, the Sahlqvist class, each member of which defines
an elementary (i.e. first-order definable) class of Kripke frames and is canonical.
Since modal logic on the frame level is essentially second-order, computing the
first-order correspondence of a modal formula is a kind of second-order quantifier
elimination.
Recently, a uniform and modular theory which subsumes the above results
and extends them to logics with a non-classical propositional base has emerged,
and has been dubbed unified correspondence [5]. It is built on duality-theoretic
insights [9] and uniformly exports the state-of-the-art in Sahlqvist theory from
normal modal logic to a wide range of logics which include, among others, intuitionistic and distributive and general (non-distributive) lattice-based (modal)
logics [6,8], non-normal (regular) modal logics based on distributive lattices of
arbitrary modal signature [19], hybrid logics [12], many valued logics [16] and
bi-intuitionistic and lattice-based modal mu-calculus [1,3,2]. Unified correspondence theory has two components: the first one is a very general syntactic definition of Sahlqvist and inductive formulas, which applies uniformly to each logical
signature and is given purely in terms of the order-theoretic properties of the
algebraic interpretations of the logical connectives; the second one is the Ackermann lemma based algorithm ALBA, which is a generalization of SQEMA based
on order-theoretic and algebraic insights, which effectively computes first-order
correspondents of input formulas/inequalities, and is guaranteed to succeed on
the Sahlqvist and inductive classes of formulas/inequalities. The algorithm aims
at eliminating all propositional variables, which are, on the relational semantics side, second-order variables, and rewrite the formula into a quasi-inequality
which contains only nominals and co-nominals, which are, on the relational semantics side, essentially first-order. In this sense, unified correspondence theory
is essentially second-order quantifier elimination on the algebraic side.
The breadth of this work has stimulated many and varied applications. Some
are closely related to the core concerns of the theory itself, such as understanding
the relationship between different methodologies for obtaining canonicity results
[18,7], the phenomenon of pseudocorrespondence [10], and the investigation of
Copyright c 2017 by the paper’s authors
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the extent to which the Sahlqvist theory of classes of normal distributive lattice
expansions can be reduced to the Sahlqvist theory of normal Boolean algebra
expansions, by means of Gödel-type translations [11]. Other, possibly surprising applications include the dual characterizations of classes of finite lattices
[13], the identification of the syntactic shape of axioms which can be translated
into structural rules of a proper display calculus [14] and of internal Gentzen
calculi for the logics of strict implication [17], and the epistemic interpretation
of lattice-based modal logic in terms of categorization theory in management
science [4]. These and other results (cf. [9]) form the body of a theory called unified correspondence [5], a framework within which correspondence results can
be formulated and proved abstracting away from specific logical signatures, using only the order-theoretic properties of the algebraic interpretations of logical
connectives.
Possibility Semantics. Possibility semantics for modal logic is a generalization of standard Kripke semantics. In this semantics, a possibility frame has a
refinement relation which is a partial order between states, in addition to the accessibility relation for modalities. From an algebraic perspective, full possibility
frames are dually equivalent to complete Boolean algebras with complete operators which are not necessarily atomic, while filter-descriptive possibility frames
are dually equivalent to Boolean algebras with operators.
In recent years, the theoretic study of possibility semantics has received more
attention. In [23], Yamamoto investigates the correspondence theory in possibility semantics in a frame-theoretic way and prove a Sahlqvist-type correspondence theorem over full possibility frames, which are the possibility semantic
counterpart of Kripke frames, using insights from the algebraic understanding
of possibility semantics. In [15, Theorem 7.20], it is shown that all inductive
formulas are filter-canonical and hence every normal modal logic axiomatized
by inductive formulas is sound and complete with respect to its canonical full
possibility frame. However, the correspondence result for inductive formulas is
still missing, as well as the correspondence result over filter-descriptive possibility frames (see [15, page 103]) and soundness and completeness with respect to
the corresponding elementary class of full possibility frames. The present paper
aims at giving a closer look at the aforementioned unsolved problems using the
algebraic and order-theoretic insights from a current ongoing research project,
namely unified correspondence.
Methodology. Our contribution is methodological: we analyze the correspondence phenomenon in possibility semantics using the dual algebraic structures,
namely complete (not necessarily atomic) Boolean algebras with complete operators, where the atoms are not always available. For the correspondence over
full possibility frames, our strategy is to identify two different Boolean algebras
with operators as the dual algebraic structures of the possibility frame, namely
the Boolean algebra of regular open subsets BRO (when viewing the possibility
frame as a possibility frame itself) and the Boolean algebra of arbitrary subsets
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BFull (when viewing the possibility frame as a bimodal Kripke frame), where a
canonical order-embedding map e : BRO → BFull can be defined. The embedding
e preserves arbitrary meets, therefore a left adjoint c : BFull → BRO of e can be
defined, which sends a subset X of the domain W of possibilities to the smallest
regular open subset containing X. This left adjoint c plays an important role in
the dual characterization of the interpretations of the expanded language, which
form the ground of the regular open translation, i.e. the counterpart of standard
translation in possibility semantics. When it comes to canonicity, we use the fact
that filter-canonicity is equivalent to constructive canonicity [15, Theorem 5.46,
7.20], and prove a topological Ackermann lemma, which justifies the soundness
of propositional variable elimination rules and forms the basis of the correspondence result with respect to the class of filter-descriptive frames as well as the
canonicity and completeness result with respect to the corresponding class of
full possibility frames.
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